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Scimus muſicen, mig phe adeo veram phyſicam 
ts moribus NON abeſſe à Principis perſona: Quæ 
quidem omnia apud Græcos non laude * ſed honore 
et gloria digna ducebantur. 1 5 

Epaminondas, Imperator ille inſignis, ne 2 ſum- 
mus vir unus omnis Græciæ, phloſophiam et muſiam 
 egregie didicit. Nam dotius eft d Diomſio, qui fuit 
eximia in muſicis gloria. At philoſophie Preceptorem 
babuit Lyſin e eee neque prius eum d ſe dimiſit, 
quam doctrinis tanto anteceſſit alios, ut facile wg 5 
paſt, pari modo oa omnes in ceteris artibus. 
| Corn, Nep. vit. Epam. ſub initio, 
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HE want of an elementary trea- 
1 tiſe of harmonics, ſuch as mint 
properly have been quoted in ſupport. , Fas 
of my demonſtrations, has obliged me 
to begin the following work from the 
1 principles of the ſcience. | 
Ihe antient theoriſts conſidered no 
= Ws conſonahces than ſuch as are per- 
fect, and yet all their muſical ſcales 
compoſed of theſe conſonances, have in 
practice been found diſagreeable. The 
reaſon is, they neceſſarily contain ſome 
imperfect concords, whoſe imperfeQions 
are too groſs for the ear to bear with, 
The skill of the moderns has been 
chiefly employed in the buſineſs of tem- 
pering the antient ſcales, that is, in di- 
ſtributing thoſe groſſer imperfections in 
ſome of the concords, among all the 
> or the greater part of them. By. 


N 9 Wfich 
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which means, though the number of 


imperfect concords be greatly increaf- 


ed, yet if their ſeveral imperfections be 


but as much diminiſhed, the ear will 
be leſs offended than before. Becauſe it 


is the tranſition from a better harmony 


to a worſe, which chiefly gives the of- 


fence; as is evident to any one that 


attends to a a of muſic performed 


upon an inſtrument badly ez It 
follows then that the inſtrument would 
be better in tune, if all the conſonances 


were made as equally harmonious as 


poſſible, though none of chem Were 
_ OS 

And if this be hes true e defign i in 
tuning an inſtrument, or tempering a 

ſale of ſounds, a theoriſt ought to be- 
gin with the ſimpleſt caſe; 8 inquire 


in the firſt place, whether it be poſſi- 
ble for two imperfect. conſonances to be 


made equally harmonious; and if ſo, 
what muſt be the proportion of their 
temperaments or imperfections; amd 
alſo whether different conſonances re- 


ge A en, 1 and 


the | 
2 
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| : the like „ being rightly ak, 1 
we may then determine in what | 


8 portion thoſe groſſer e eee "= 
the antient ſcales ought to be diſtribut- 


ed, ſo as to make all the concords 


& equally harmonious in their kind, ei- 
ther exactly or as near as poſlible. 
But as none of the writers that I 
has ſeen, have attempted to give, us 
the leaſt notion of the nature and con- 
ſtitution of imperfect conſonances, nor 
of any one property or proportion of 
their effects upon the car, except a ſin- 
gle conjecture whoſe contraty is true (a), 
it was not poſſible for them to deter- 
mine, from the principles of ſcience, 
what diſtribution of thoſe groſſer im- 
perfections in the antient ſyſtems, would 
produce the moſt harmonious ſcale of 
muſical wu 
As this is one yo: the ma difficult | 
and important problems in harmonics, 
in order to a ſcientific ſolution of it 1 
found it neceſſary to premiſe a Theory 
4 een nme 005 n 
1 


* Trop XIII, cash. * | ® Seck vi. 
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1 have dest as many proper- 
F tics of their Periods, Beats and Har- 
mony as I judged ſufficient for ſolving 
that problem, and probably any other 
that belongs to harmonics. This theory 
with its preliminaries and conſequences 
23 takes up a large part of the preſent 
T- treatiſe. As to the reſt I chuſe to refer 
the reader to the book it ſelf or the In- 
dex, rather than trouble him with a 
further account of it: a ſhort one would 
be imperfe& or obſcure, and a EAA 
one, too long for a preface. 3 
Having been asked more than once, 
whether an ear for muſic be 2 
to underſtand harmonics, it may not be 
amils to give this anſwer: That a mu- 
ſical ear is not neceſſary to underſtand 
the philoſophy of muſical ſounds; no 
more than the eye, to underſtand that 
of colours. Our late Profeſſor of Ma- 
. was an inſtance of the latter 
caſe, and the xx® propoſition of this 
treatiſe affords an inſtance of the for- 
mer. For by the ſolution of that pro- 
i poſition and a new way of tuning an 
„„ N VIII“ 5 
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rey deſcribed/in prop x1 ſcholl 2, 


art. 6, a perſon of no ear at all for 
-muſic may ſoon learn to tune an or- 
gan according to any propoſed 


-rament of the ſcale; and to an Selle . 1 
degree of exactneſs, far beyond what $ 
the fineſt car unaſſiſted: by theory can 


poſſibly attain to: and the ſame I = 


| if he pleaſes, may-alſo learn the rc reaſon 
of. the. practice. r 9 wn 1 * 21 205 482 1 
But though; an ear for 1 is not 


neceſſary to underſtand this treatiſe, yet 


[thoſe that are acquainted with mu- 7 


fical ſounds will more readily -appte- 
hend many parts of it, and receive 
more pleaſure from them. 


In the firſt ſcholium to prop. xx, I . 


er that the winter ſeaſon hall 
prevented me from tuning an organ by 
the ſecond table of beats, in order to 
try what effect the ſyſtem of Equal 


Harmony might have upon che ear. 


But upon telling Mr. Turner, one f 
our organiſts at Cambridge, how he 
might approach near enough to that 
bc — by Kattening the major 111 


till 


- 
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till the beats of the vu and vi 
with the ſame baſe, went-eq ually 2-4 : 
by his great dexterity and skill in 'tun- 
ing he preſently put my rule in execu- 
tion upon a flop of his organ; and a- 
firmed to me, 1 never heard fo fine 
harmony before, eſpecially in the flat 
keys; but he added, that for want of 
more ſounds in every octave the falſe 
concords were more intolerable than 
ever: and no wonder, as their common 
difference from true concords was then 
increaſed from one aich to one W . 
of the tan. 5 
Nor will it be i improper to mention 
a like experiment made by the ac- 
curate hand of Mr. Harriſan, well 
known to the curious in mechanics by 
his admirable inventions in watch- work 
and clock-work for keeping time ex- 
actly both at ſea and land: Which if 
duly encouraged and purſued will un- 
| UF angus of excellent uſe in na- 
vigation ; by correcting the ſea-charts, 
with reſpect to Jengidades: as; well as 
* — * a * 10 a0 great 


5 1 
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E FRY in all probability, as need be 
defired, | 


But in 3 to the experiment I | 


was going to mention, he told me he 


took a thin ruler equal in length to the 
ſmalleſt firing of his Baſe Viol, and di- 
vided the =o as a monochord, by tak - 
ing the interval of the major 111, to 
that of the viii“, as the diameter of a 
circle, to its circumference. Then b 
the diviſions on the ruler applied to 
that ſtring, lie adjuſted the frets up- 
on the neck of the viol, and found the 
harmony of the conſonances ſo extreme 
ly fine, that aſter a very ſmall and gra- 
_ Jual lengthening of the other ſtrings, 
at the nut, by reaſon of their greater 
ſtiffneſs, he perfectly ae ed. in that 
manner of placing the frets. 
It follows from Mr. Harrzſins af- 
ſumption, that his 11* major is temper- 
ed flat by a full fifth of a comma. 
My 111 eee by theory, upon the 


principle of making * the concords 
within the extent . every three octaves 


a ** — as * So 
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tempered flat by one ninth of a com- 
ma; or almoſt one eighth, when no 
more concords are taken into the cal- 
culation than what are contained with- 
in one octave. That theory is therefore 
ſupported on one hand by Mr. Harri- 
Jo's experiment, and on the other by 
the common Practice of muſicians, who 
make the major 111* either perfect or ge- - 
nerally ſharper than perfect. | 
Me may gather from the an 5 
tion of the Baſe Viol, that Mr. Harriſon 
attended chiefly, if not ſolely to the 
Harmony of the conſonances contained 
within one octave; in which caſe the 
differences between his and m y ternpe- 
Taments of the major 111, vi“ 14 y p 
and their ſeveral dependents, are re- 
2 no greater than 4, 3 and 1 
ftieth parts of a comma. And conſi- 
dering that any aſſigned differences in 
the temperaments of a ſyſtem, will have 
the leaſt effect in altering the harmony 
of the whole when at the beſt, I think 
2 neaxer +, pgs of that he: po | 


tones and two limmas, is a little bi 
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Wich che theory could. not bereaſonably 2 
expected. 1175 Bet 
Upon ien him the * ans the 5 

i of the major 1 to that of the 
vu as the diameter to the cireumſe- 
rence of a circle, he anſwered; thatia 

gentleman lately deceaſed had told him 

it would bring out a very good diviſion 
of a monochord. Whoever was the au- 


thor of that hy potheſis, ; for ſo it muſt 


3 be.called, as — no connexion with . 


any en property of ſounds, he took 
the hint, no doubt, from obſerving that 
as the octave, conſiſting of five mean 


than ſix ſuch tones, or three perfect 
major 1115, ſo the circumference of a 


circle is a lite bigger than three of 1 its 


diameters. - 


When hs ———— was di vided 


: upon, the principle of making the major 
111 perfect, or but very little 


as in Mr. Huygens's ſyſtem reſulting 
from the octave divided into 31 equal 


intervals, Mr. Harriſon told me the 
major vr Were very bad, and much 
| = worſe 


% | 
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v chan che v., Ia which he judged 
. as I further ſatisfied my ſelf by 
ing the experiment upon an organ; 


: alt being ſolicitous to know the reaſon 
of that effect, that is, why the v® and 


vi major, when equally tempered, 
ſhould differ ſo in their harmony, after 


various attempts I ſatisfied my curioſity. 


With a view to ſome other inquiries 
I will conclude with the following ob- 
ſervation. That, as almoſt all forts of 
ſubſtances are perpetually ſubjeck to very 


minute vibrating motions, and all our 
ſenſes and faculties ſeem chiefly to de- 
pend upon ſuch motions excited in the 


proper organs, — by outward ob- 
jects or the power of the Will, there is 


| reaſon to expect, that the theory of vi- 


brations here given will not prove uſe- 


leſs in promoting the philoſophy of | 
other N r muſi 104 8 


Ro 9.8: M1 "x 5 
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10 THE $ECOND: EDITION, 


I N ob l as Py theſe 15 
monics, befides many Joe im- 
provementi, the properties of ile pe- 
riodi, beats and harmony of imper- 
felt conſonances are more explicitly de- 
monſtrated (a) and confirmed by very 

eaſy experiments (6). The E ot rar 
ties of the periods and beats, which are 
generally mere uſeful and elegant: than 
the exact ratios, are proved lo be ſuf- 
ficiently accurate for moſt. purpoſes in 
. harmonics (c). More methods ars added 
for finding the. pitch: of an organ (d 
for tuning it, either by: eſtimation 

| and judgment of the ear (e), ur more 
1 22 readily by iſacbronous beats 
/ Tae, I: 0 f 5 as. well as by 
_—_ ena N 


MC) ramen tu wa a op. u xl. and coral 


: Rr Prop. xi. ſchol. 2. e 
JJC 
(4) Prop. xviIII. and ſchol. Res | 
(e) Sect. 1x. art. 1. 


49 Prop. XX. ſchol. 2% 
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8 a Ep de of biats. ton tubs is 
mad whether coincident pulſes: be neceſ- 
fary, or 25 Kerbe ee 10 @ per. ec: con- 
ſfenance (g). * 4x 
"of eg: 10M as” FR We 5 
neither frings nor keys for any of . 
ſounds D, Ax, Es, Þ*, Way Ab, Db, 
Gb, Ec, which yet are ſo fo often. W 
that far the\ greater part of the beft 
compoſſtions cannot be performed witb- 
out them, except | "by ſubſtituting for 
_#bem'E?, Bb, F, C, G, G*,"C*, Fx, 
c, c ecrively, which Ey ee 
Jrom them by near a fifth part of the 
rome, make very bad harmony; and as 
the old. ranks; 4 for introducing Jome 
F thoſe ſounds by inſerting more keys in 
every obfave, is quite laid afide by. rea - 
fon of "#be- difficulty in playing upon 
tbem; ] have therefore invented a bet. 
ter erpedi ent, by e the een. 
Lens of thoſe Subſtirates, „ 
„ C*, F*, We, zo 1 either 
Ebor Dx, BP or A'®, F or E", Cc ar BY, 
( | 8 
| Po tha 4 W Xx 0 10 
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Gor Pur, 05 er Ab, ©* 07, Db, Fo 


Fir fide 3 the FIN in any = q 
of thoſe couples are ſeldom. or never uſed | 


1 any one piece. , music, the muſician. 


by moving a few fraps before he. begins 7 


| i 
to play it, can immediately introduce. | 
that found in each couple, which he fore. j 


fees is either always or ofteneft 2 „ 
the piece before bim. 4 
Two different ne of thoſe flops 5 | b 
are here deſeribed (b), one of which ien 


applicable at a ſmall expenſe to any harp- _ | 
fichord ready made, and the other to | 


NeW harpfichord, and upon putting them 
both in practice, they bave * an- 
ſwered my eupectatiun. 

Several properties and ch 

this changeable ſcale are deſcribed in 
the eighth Section. In a word, the very 
worſt: keys in the common dsfective ſcale, 1 
by changing a few ſounds are preſently 3) 


| N n 2 
— rn * PE ETD. : RATES 
P 2 g 0 * dh l : 


made as complete as the beſt in that ſcale, 1 
and more harmonious too, becauſe I 
« . | 3 N be change- 5 1 5 | 

6 ect. VIII. i. ar. 18, 19. | | | 4 
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changeable al admits of the very bf 


temperament, and, which is another ads 
vantage, will therefore fland langer in 
Tune than the common ſcale whith cannot 
admit that temperament. 2 
Theſe improvements of the W 
it is hoped, may encourage others to' ap- 
ply the like methods to the ſcale of the 
organ, which is equally capable f 7hem 
end to greater S \. 8 £ 
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| 1 a mathematical, a mechanical and a ph 0. 
ſophical treatiſe, by Dr. Sins IF. T7 38, 5 
2 Vol. 40. 
_ Harmonia Menſurarum, ive? an al vis et f. yntheſis 
per rationum et angulorum Menſuras promote : ac- 
cedunt alia opuſcula, nempe de Limitibus errorum 
in mixta matheſi, de methodo Differentiarum New- 
toniana, de conſtructione Tabularum per differentias, 
dle deſcenſu Gravium, de motu Pendulorum in cy- 
cloide et de motu Projectilium, pet Rogerum Cote- 
um: Edidit et auxit Robertus Smith : Cantabrigiz | 


3722, 49, Hos 0X 63 


. Hydroſtatical and PEAR Lefures * Mr. Cotes, 
Fu by Dr. Smith: e 1 7 24 Edition, — 
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| like vibrations to bodies, whi N theſe the like 
| 10 our organs of hearing. ee eee tt: | 
| 3 TE ind , bec: 0 


a For Tata the wikraing alin. of.s 3 


| - 3 ſtring puts others in motion, whoſe = 
. tenſion and quan of matter 15 theit vi- / 3-5 
| e to Keep time with lifts of alt, — 
propagated from the ſtring that Was Itrucl „ 
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2. If-4 the vibrations be "TW-0Y the ſound 


is called Muſical, MEN is ſaid to continue at the 
ſame Pitch ; and to be Acuter, Sharper or Higher 


than any other ſound whoſe vibrations are ſlower; 


and Graver, Flatter or Lower (5) than any other 
| whoſe vibrations are quicker. 


For while a muſical ſtrinę SAGE 11 its ten- 


ſion be increaſed or its len 1 be diminiſhed, its 


vibrations will be accelerated; and experience 


ſhews that its ſound is altered a what is called 
a graver to an acuter; and on the contrary. And 


the like alteration of che pitch of the ſound will 
1 follow, When the ſame adi, is given by a 
1 weight, firſt to a thicker or a heavier ſtring, and 
after that to a ſmaller or a li — the Sing 


W 80 as chains ry et to be Nader _ the 


4 
% - „ 
5 Ll 
N 7 
* j 


una Pagen * muova 1 e e 3 mi alk ans 
cora irreſoluto ; come anco non ben chiare le forme delle 


conſonanze et altre 1 5 Dial 10 artenente alla 
a _— towards the end. | 1 


(5) As the ideas of acute and high, an ail 160 
Lied in nature no neceſſary connexion, it has happened 
_ accordingly; as Dr. Gregory has obſerved-in the preface to 


bf 


»* 0, at 


= to -the contrary. by 45 leſs antient Greeks 3 


ſinging, which Ariſtides Quimilianuſ thus deſcribes. The- 


ud, N d urns, TIONS polu. 8. Et qui- 


dem gravitas fit, ſi ex 'inferiore parte ( gutturis) ſpiritus lur- 


15 | ſum feratur, acumen vero; ſi per ſummam partem prorum- 
ro pat, as Meibomius tranſlates it in his notes. pag. 208. 


} 


2 
0 £0613 Hol 
2 1 A # * A4 
p . 
* - « 
7227 - * £24 * f 0 * 


his edition of Euclid s Works, that the more antient of {my 5 


| Wo | has ſince prevailed 8 Probably this latter con- 
| | | nexion took its riſe from the formation of the voice in 


Nas, n 1 Bagurns, Ad ruhe dv pH TS M] % ,s. 7 


: ferent in length, thickneſs, 'denſity and tenſion, 
or other ſounding bodies vibrate all together in 


At 3. HARMONTCS, 3 


ume force of tenſion. And theſe changes in e 
pitch of the ſound Mr: oy e 
greater or leſſer, according as the length, tenſion, 


thickneſs or denſity of the omg 3 is more or les 5 
altered (c). 


3. Thaikns if otenl Wag owe dl 


equal times, their ſounds will all have one and 5 
the ſame pitch, however they may differ in loud- 
neſs or other qualities, and are therefore called | 


Uniſons: 5 * on the contrary, the vibrations of 
uniſons are iſochronous. 0 


This obſervation reduces the theory of all forts 


— 


> es rad "wh 


of muſical ſounds to that of the ſounds of a 
ſingle ſtring; I mean with reſpect to their gra- 


vity and acuteneſs, Which! is 1 ſub- 
be err ja . 15 


4. Cen- 


"10 The Omek 2G 1 deſcribe the difference 
between the manner of ſinging and talking. They con- 
ſidered two motions in the voice, auvnotts ue the one 
continued and uſed in talking, ij 4 avweyns T5 nai No- 
xn, the other diſcrete and uſed in ſinging, j d , 
Alu, Te xal pirediny. In the continued motion, the 
voice never reſts at any certain pitch, but waves up 108 858 
down by infenfible degrees; and in the diſcrete motion f 
does the con frequently reſting or ſtaying at certain 


places, and r . from one to another by ſenſible inter- 
vals: Euclid's Introductio Harmonica, p. 2. I need not ob- 


ſerve, that in the former caſe, the vibrations of the air are 
continually accelerated and retarded by turns and by wy 
ſmall degrees, and in the latter by large: ones. | 
(a ) Ptolemy ſays, "Apjaovixy' ty tot uvauir PV 
IAI r Tols Pöls, er e gde. 


larmonics 
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4. Conſequently the wider and narrower vi- 
| brations of a muſical ſtring, or of any other 
JOUN ing ewabcally, are all iſe bronous very 


hy. 
ie while the nating 3 * 
breadth till they ceaſe, the pitch of the ſound 
_ | could not — as by the judg- 
ment of the ear we perceive it does, if the firſt 
| | Vibrations be not too large: in which caſe the 

ſound 3 4 nale acute at the: he e af- 
terwards. $74 

5. . Lince the ipitch of the 
found of a ſtring or bell or other vibrating b yarn 
does not alter ſenſibly while the hearer varies his 
2 diſtance from it; it follows that the larger and 
leſſer Vibrations of the particles of air, at ſmaller 
and greater diſtances from the ſounding body, are 
| all ifochronous : and conſequently that the little 
| ſpaces deſcribed by the vibrating particles are 
| every. where proportional to the celerity and force 
of their motions, as in a pendulum (e). And this 
1 difference of force, at different diſtances from the 
| body, eauſes a difference in the loud- 
actes the found, but not in its pitch. 

6. It follows alſo, that the harmony of two 
or more ſounds, according as it is perfect or im- 
perfect when heard at any one diſtance, will 
Feen or e at bor eng * 


Pa, is a. ee als the differences of | 
ſounds, with reſpect to gravity. and acuteneſs. = 


le) See Newton's Princip. Lib. 11. Prop 4% : 


Af 
{1 
{| 


RE eee —T— 
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which being a known fact in a ring of bells for 
* inſtance, is mentioned here as a confirmation” 
IO JO ciples-of Harmonics. 
F. If two - muſteal ſtrings have the fan 
thickneſs, denfity and tenfion, © and differ in 
length only, (which: for the future I ſhall al- 
Ways appel, mathematicians have demon- 
ſttrated, that the times of their fin- le vibrations 
are proportional to their lengths | 
A Hetice if a firing of 2 muftell nftrument 
be ſtopt in the middle, and the ſound of the 
half be compared with the fotind of the whole, 
we may a acquire the idea of the interval of two 
ſounds, - whole fingle vibrations (always mean- 
ing the times) are in the ratio of 1 to 2; and by 
ing the ſonds of 2, 4, f, 4, 2, 5, 2e. 
Ke. of the ſtring with the found of the whole, 
we may acquire the ideas of the intervals of 
two ſounds, whoſe fingle vibrations are in the 
ratio of 2 to 3, 3 to 4, 30's, 40 5, 5.0% 
8 to 9, 9'to 9 | 
A Muffeal Interval fs a quantity of a cer- 
tain kind (g). ne on 2 cnt; nd. « an 
acuter found. 5 


: 
#. * - p 
" 1 ” ” * . . 1 4 N 5 6 7 : = - . - 
_— +; f . F J — — o "= 2 4 * 2 


0 As . of this curious 
T heorem depends upon one or two more, of no ſmall uſe 
in Harmonics, wag ime; jak little of the finer ſort of geo- 
metry, which cannot well be applied in few words, I have 
therefore reſerved it to the J. al Section of this Proalils ; 3 
which the reader may conſult, or, taking it for granted at 
preſents mu proce without interruption; as he likes beſt: 
(g) See Dr. Walliss preface to Porphyry' s comment on 


4 
+ x *; i 
SZ © 


= - 


Ptolemy's Harmonics. N Math. vol. I. Ludlid n 
43 
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6 HARMONICS: 80a. l 
In a ring of bells, for example, the ſounds 


| of the firſt and ſecond bells, counting either 


from the biggeſt or the leaſt, terminate a cer- 
tain interval; thoſe of the firſt and third a 
el thoſe of the firſt and fourth a 
greater ſtill; &c. So that the interval increaſes 
by. degrees, either as the graver of the two 
ſounds deſcends, or as the acuter aſcends; and 


within the interval of the ſounds of the biggeſt 


and leaſt bells, the intervals between the ſounds 


of all the reſt are contained. 


10. Muſical intervals are WY EPR of the 


| Ratios of the times of the ſingle vibrations of 
the terminating ſounds, or, cæteris paribus, of 
the lengths of the ſounding ſtrings (50. 


For it is obſervable in the experiments laſt 


mentioned (i) and is univerſally allowed by mu- 


ſicians, that when the lengths of thoſe ſtrings | 


n . 


an A is T0 weple xder und oo od6ſyan dulce 
ögU Hl A Bapsryl, what is contained by two ſounds 
different in gravity and acuteneſs. Introductio Harmonica 
p. I. Ariſtoxents defines a muſical ſound thus, Qovis e- 
wic i pay TAI ò pd ſyos, ſonus eſt vocis caſus i in unam 
tenſionem; and an interval thus, Oicis nua ig To du 
Io Sb edpropivor, u THY our Tam i 
intervallum vero eſt, quod duobus ſonis, non eandem ten- 
ſionem habentibus, terminatur. And he adds, that it is 
r67G> Nos po peu, ö lp Vr Ba bogs 10 
bopCeoay To Hiagnua rarw, Pupuriguy ds vg EUr!- 
eg; a place capable of ſounds, that are acuter than the 
raver of the two tenſions (tones or ſounds) that termi- 
nate the interval, and 2092 than. 1 acuter "of o_ | 


* a , 


(h) Article . tO Art. 8. 


if 


Art. 77. HARMONICS. a 


have the ſame ratio, the interval of theis ons 


is the ſame, whatever, be their pitch; that if 


| the acuter of the two ſounds be ed higher, 


and conk equently the ratio of the lengths of thoſe 


ſtrings be increaſed, the interval is increaſed ; 


and on the contrary, if the acuter ſound be de- : 


| preſſed lower, that the ſaid ratio and interval are 
diminiſhed,. and reduced to nothing when the 

ſtrings have the 180 of oqualuy vane agni- 
tude is nothing - 


Plate I. Fig. 19 - ded let ths times. ” che 


Goals vibrations of the ſtrings A, B, C, D, — 


be continual proportionals in any ratio. 


fince the-interval of the: ſounds: of A and B 0 | 


equal to that of B and C, or of C and D, &, 


by 8 equal intervals together and equal ra- 


tios together, it follows, that the interval of the 
ſounds of. A and C, whoſe ratio is duplicate of 


A to Bor of B to C is double the interval of 


the ſounds of A and B, or of B and C; and 


that the interval of the ſounds of A and D, whoſe 


ratio is triplicate of A to B, is alſo triple the in- | 


terval of the ſounds of A and B, or of B and 
C or of Cand D. 80 that the 8 of the 


ſounds of A and C. is to that of A and D, as 


2 to 3; and the like is evident of any other 

equimultiples of the propoſed ratios and inter- 
der Bl Whatever be their number and magni- 
"Bd. Ie muſical intervals are propor- 
tional to the logarithms of the ratios of the ſingle 
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vibrations of the terminating ſounds, or 
paribus, of the lengths of the vi * 
Becauſe logarithms are numeral W of ras | 
tios ; and all forts of meaſures, of the ſame unt 
Ae ave een 46 eier mer 9 

12. For brevity ſake the word vibration is 
often uſed for the time of a . vibration, 
which paſſes between: the dep "of the Vis. 
from any aſſi 
93 e my 
fi ve | pulſes of air upon ear; a 
bein TI refled a 
denſed in its progreſs,” but not in its 
being then relaxed and rarified to a 
gree than the quieſcent air is (J). And 
the pulſes of ſounds of a different pitch have dif- 
ferent durations, th may yet be abſtractly con- 
addered as if the) Were inſtantaneous; by aking 
only the Ee: of n MIR 72 0 
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> 60. be in prop Sue de hots 16th | 
nambers't; 354, 


tions will ka he Hie c r — 
muſicians denote by the letters C, D., E, HWG. 
1 —ͤ _ 
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but to be of any magnitudes | 4 
intervals of thelr ſounds, the received Names of 1 — 0 
| theſe intervals are ſhewn in the following „„ : 3 
and are taken from the numbers of the ſtrings 3 


4 4 


© or ſounds in each interval inclufively; as a S. 
.cond, Third, Fourth, Fifth, &c, with the epi- "nl 
pe the 
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Perfect Ratios, Interval Names Marks, FA Elements. 
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: 23 1 Ce] " Tons T VII ITS 2t+2H 
3 ] 
B:c::16 :15|B c | Hemitone H or 20 T 
C:B::15: 8| CBI VH major | vi ge. H 
C: D:: 9: 8]CD Tone major T or III 
D: c:: 16: gf De z minor J [aT+2r+28 
A: c:: 6: 5A 34 minor 34 1TH: 
EA: 2 3 CA VT-major- VI 27 L274. H 
; 4|C E| III major | III Tt 3 
ez, Ee miner £ a [2T +1 t +2H 
G: e248 Ge | 4th minor 4m | T + t+ H 
(C:G:: 3: CC V major | V |2T+t+ H 
F: B:: 45: 32 F B IV major | IV zT Tt 
eee —— 
D: E:: 10: 9 DE Tone minor t I 
N — Comma 1 c 1. * 12 | 


E Ie it is, A de 80 of che W 
brations of any two ſounds, or, ceteris paribus, 
of the lengths of two vibrating ſtrings, be any 
of thoſe in the firſt column of the table, that 
their interval, and the conſonance too, retains 
| the name in the third column, whether the in- 

termediate ſounds be preſent or abſent. 
3. Fig. 3. In the line Ce produced beyond c, 
if we take the intervals D a, Ee, F &c, ſe- 


verally 


Att. 4. HARMONICS: 11 


verally equal to the octave Cc, and make the 
length of the ſeveral - ſtrings at d, e, f, &c, 
equal to half the lengths of thoſe at D, E, F, 
&c, all the intervals within this higher octave ce, 
will alſo conſiſt of major and minor tones and 
hemitones, ranged in the fame order as in de 
lower octave Ce. 
And the names of rw n thow'n one or 
more octaves, are alſo taken from the number 
of the ſtrings in them incluſively. Thus the in- 
terval Cd is called a Ninth, Ce a Tenth, C/ 
an Eleventh, Cg a Twelfth, &c, with che epi- 
thet of major or minor as before; ; and are thus 
denoted, Ix or VIII . II, X or VIII 111, 
11% or vIII + 4, XII or vII A v, &c, the 
units in the compound marks being: conſtantly 
one more than thoſe in the ſimple ones, becauſe 
the intermediate ſtring at the end of the octave is 
counted twice. The ſame, is to be underſtood 
in all compounded notations. - 
| 4. A Comma. is che interval of two-founds 
| whoſe ſingle vibrations have the ratio of 81 to 
80, and is the e of we Raja and minor 5 
tones (n). 
Any one of the ratios in the firſt column 
of the foregoing Table, except 80 to 8 1, or an 
one of them compounded once or oftener wi 
the ratio 2 to 1 or 1 to 2, is called a Perfect ratio 
when reduced to its leaſt terms. And when the | 
| 1 times 


(n) For the ratio of 9 to 8 diminiſhed by the ratio of 
10 to 95 is the ratio 1199 to 8 x 10, or of 81 to 80. 


> HARMONICS. Se&.1. 
We timies of the ſingle vibrations of any two ſounds 
„ ue a perfect ratio, the conforiance and its in- 
Rx terval too is called Perfect; and is called Imper- 
fect or Tempered when that perfect ratio and in- 
terval is a little increaſed or decreaſed. 5 
6. Any ſmall increment or deerement of a 
perfect interval is called reſpectively the Sharp or 
Flat Temperament of the imperfect conſonance, 
and is meaſured moſt conveniently by the = 
portion ĩt bears to a comma. 
7. As the addition and lubtraction of 1 

cidans anſwers to the multiplication and 
of their correſponding Tabular l "ER 
is, to the compoſition and teſolution of the ratios 
of thoſe numbers to an unit; ſo the addition and 
ſubtraction of muſical: intervals anſwers to the 
compoſition and reſolution of the ratios of the 
ſingle vibrations of the terminating ſounds, or, 
cœteris paribus, of the _— of the vibrating 
Hirings * and on the e 

| follo exam the- compoſition - 
and reſolution _ | is intimated by 
the multiplication of their terms, placed, in the 
form 25 ng: 2 and inverted, OT” 
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. cords, as in the laſt column of the former Table 
compared with Fig. 3. So that the leaſt inter- 
vals in a muſical ſcale are founded upon the har- 
_ of the . 0. | | 


SECTION HI. 


* 


of Per fecit conſenances and the Order mY 
their fumplicity.- 


1. YLATE I. via 4. When a ſingle ſound is 
heard, the ſeries of equal times between 
the ſucceſſive pulſes of air that beat on the 
ear (p), may be repreſented by a ſeries of equal 
| contained in a right line; as in-02, og, 
o, &c. Conſec uently when two ſounds are 
heard, two of thoſe lines, as o2 and 03, will 
rightly repreſent the two ſeries of equal times, 
if the magnitude of the equal parts in one line, 
be to the magnitude of thoſe in the other, in the 
ratio of the ſingle vibrations of the ſounds: or, 
the whole lines being ſuppoſed equal, if the 
numbers of aliquot parts in each, as 2 and 3, 
be ſeverally the ſame as * leaſt numbers of the 


of 6 A 


pre The old method. of b reſolving 8 into | their 
elements may be ſeen in Dr. Walliꝰs diviſion of the mono- 
chord, or ſection of the muſical Canon, as the antients 
called it. Philoſoph. Tranſact. No. 0 or Ar * ö 
| Lowthorp. vol. 1. p. 698. firſt edit. 


| (p) SeR. I. Art. 12, at 
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vibrations of each ſound; made in the ſame time 
repreſented by the line O2 or 03 (9). = 
2. And 5 ſounds being heard together, if 
we conceive the two equal and parallel lines that 
rightly repreſent them, as o and og, to coin- 
cide throughout, the points that divide the ſepa- 
rate lines, will ſubdivide the combined lines into 
ſmaller portions, as in Fig. 5, repreſenting a third 
ſeries or Cycle of times, in which the pulſes of 
both ſounds e mae ſuoceed one e 
in beating upon the ear. 
23 . Such a mixture of: pulſes, ursel one 
another in a given cycle of Times, terminated at 
both ends by coincident pulſes, and ſufficiently 
repeated, is the phyſical cauſe that excites the 
ſenſation of a given conſonance: Eſpecially when 
cConſidered as diſtinct from any other conſonance, 
_ whoſe ſingle vibrations having a different ratio 
from that of the former, will conſtitute a dif- 
ferent cycle, and excite a different ſenſation. 
But if that ratio be the ſame, though the abſo- 
lute times be different, the conſonances are fimi- 
lar and may be looked upon as the ſame in this 
reſpect, that their cycles have the fame form; 
the times in both having the ſame order, and the 
ſame proportions; and in this other alſo, that the 
interval of the ſounds is the ſame (). 
4. This being premiſed, one 8 may 
| Wannen as more or * 9 25 . char aunt 


AC» 


te: hs Pas 12 . CHW, & 
| (r) Art. 10. Sect. 1. | 


according” as hes ht, 
18 ae, leſs bene dn e cycle belonging 
t —— _ And upon this principle all conſo- 
ay be ranged in due Order of duch 
— "by the helpof the following Rule. 
5. One Conſonance is Simpler than another in 
the ſame Order, as the ſum of the leaſt terms, en- 
| profing ! the natio of the fngle vibrations, is ſmaller 
hike ſum in the - ather conſimance; and 
— "Fra, ar ſums are the ſame, pas 
nances are fimpler in the ſame order, as the e 
terms of ther ratiat are ſmaller. 

For the ſimplicity: . 
times, conſiſts partly in the number of times con- 
tained in the cycle, and partly in the different 
proportions they bear to one another. 

Fig. 4. When the numbers 9 * 
ferent cycles are different, and the times in each 
eycle are equal to one another, as when e com- 
bine the ſounds 01 and o1, 01 and oa, ol and 
og, o and o, 01 and og, &, the cycles of this 
fort. may be ranged in the order of their ſimpli- 
City above defined, : by the order of the numbers 

of equal times in the cycles, or of the magni- 
tudes of the numbers 1, 2, 3; J, 55 6, &c, or of 
2, 3, 4, 5, 6, 7, &c, that is, of the ſums of the 
terms of the ratios eee f e 
jane. Bae 
In dhe nher caſe, . 
in different cycles are the ſame, and the times in 
each cycle bear different proportions to one an- 
other, as when we combine 5 ol and 
A e e A158) 06, 


"6 2 and O5, oz 458 O4, t — Ha is gs 

than another, in which the equal times between 

the pulſes of the a Mel apo ove, are leſs interrupted 

and ſubdivided by the d jr of the graver. 
Accordimgiy in 4. — of theſe cycles 4 

ſed of ox _ 06, not one of the 6 equal times 

between the pulſes of the acuter ſound: 06, is - 

| ſubdivided by any pulſe of the graver 01; but in 

the ſecond cycle compoſed of 02 and o5; one of * 0 

the 5 equal times, between the pulſes of the acu- : 1 

ter ſound os, is ſubdivided by one pulſe of the 

graver o2; and in the third cycle compoſed of 

03 and 04, e elf n in ee 0 | 

ter ſound 04, are ſubdivided by 2 pulſes of the 

graver 03. By which it appears, that the firſt cy- „ 

dle is ſimpler than the ſecond, and che ſecond ſimn- 

pler than the third; and that the order of ſimpli- X 

city of this ſort of cycles, anſwers to the order of 
the dae 15 25 3 of the leſſer terms of the Y 

| | 


; ratios. | 

6. Now by the firſt part of the reli aire) ihe 
integers in FA ſecond column of the following 

| table, are the ſeveral ſums of the terms of the op- | 

Poſite ratios in the firſt, diminiſhed by 1, which | 

alters not the order of their magnitudes;-but only | 

; makes the ſeries begin. with 1, | aniyering,, to the 

| ſimpleſt conſonancaeQ. : 


hy the ſecond part of the nile the ratioswwhoſe f 
terms have the fame ſim, as 1: 6, 2: ee e = 

are ranged in the order of their leſſer terms 1, 2, 

35 or, which alters not the order, of thoſe terms 

n * 15 as of o, I, 2, or of the 

B actes 
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4 2 of the Order of the ſimplicity 
"of conſonances T7 to ſounds. —  . | 


| Ri Order [ Intervals "IT e 25 
of the of the | of the | ; the table. FR 7 
vibra- | fimpli-/| ſounds; . ——ů— 
tie 7 to FO TO E 15 15 Jin Fn 
1 ESL t-S@- 0 0, 6205404 30-5. 14FO 
"for 2.2 [wm » [| 25250 164 eee 
x: 3 3 vin+y }- $722] 165 . 
ee e 
28 1 Z. V | 1 18 18 Tin 
I: DO — 2 777 377 1 2vIII + 4th | 
: | > ts 11I * 11 4 2 15 It T ft VIII + VII 1 
| ak oF. „ [2vin+v 7 * e e eee 
0 ann 1 ah a ramp 
3 6 1 8 0 1 111 [[ 1:20} 20 VIII + 111 
. — 8 2 {28> 16 2 S 06 
EF FREY vi 
e eee e Mu 
4: 5| 83 | mx. . 15] 22 | Var — 
ee eee ee 
To | 9: 19] 43+. Una | 
| T: To} 10. [avi + Hf ie c_—_—_—_—| 
1 IO. -þAVIIL. + T 1. E 28 28 1. of 225 n 
3: f 102 1 yur + 4. 38. 24] 283 W 1 
5: 6 104. 9: 200 28% | vit+t; | 
. 37 r nn 
3: 10] 12% vin vi 5: 16 gore Pim | 
4: 8 124 | vII Ir S DS =, 
6 5 | 127 MY 6th *:rr+ 5 
| 0: 21.128 .| F 
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fractions 2, 5, $, whoſe common denominator 3 
is the number of the ratios whoſe terms have che 
ſame ſum 7. Theſe fractions either by them 
ſelves or the mixt numbers 6, 67, 62, made by 
annexing them to the number 6, may therefore 
denote the order of the Modes of ſimplicity of 
ſuch conſonances as have the ſame Degree of ſim- 
plicity denoted by 6 or 7—1. And thus the or- 
der of the ſimplicity of all conſonances whatever, 
is denoted by the order of the magnitudes of the 
integers and mixt numbers in the ſecond column 
of the table. 
FV. This ſeries Larkin ans aerial 
arithmetical progreſſions, except that a term or 
two is here and there omitted, where ratios occut | 
which being reducible to ſimpler terms, have been 
conſidered before, or elſe are not Perfect Ratios, 
which are ſuch only whoſe terms are I, 2, 3 55 | 
with their powers and products (). 
For example, writing down Ache tate bn dns 
_— whoſe terms make a given ſum, as 1 to 8, 
2 „3 to 6, 4 to 5, I reje@t the two middlemoſt 
e reaſons juſt mentioned, and place the reſt 
in dn ird edel df ds eis, which may thus 
be continued with certainty and order. in Hof 
we pleaſe. 264 | 
8. Hence we may diſtinguiſh conſonances into 
„„ pure, where 


none of the equal times between the pulſes of ; 


the en fone, ee 
B. a2 dlate 


a 00 Sect. U. 1 
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diate pulſe of the graver; and interrupted, when 
any of thoſe equal times are interrupted bone or 
more pulſes of the graver ſound. _. 
In the ſecond column of the table, the leaſt 
Grple or loweſt mode of each degree of inter- 
rupted conſonancy, is every where placed a ee 
the next inferior degree of pure eee 
4 above 5 
. For ſhould we depreſs the mode 4% to a place 
next below the degree 5, why not even to a place 
next below. 6 ? though not below 62, as being 
a more complex mode of a leſs fimple degree: 
But if that were allowable, by parity of reafon 
we ought to depreſs 45 64, 65 next below 7, 
though not below 75, and likewiſe 42, 62, 6+, 
755 below 8, though not below 82, and alſo 
4, 05, 62, 74, 84 below g and 105 and ſo 
forth to infinity: which, by depreſſing all the 
modes of interrupted conſonancy, below all the 
degrees of pure conſonancy, would render them 
heterogeneal, and incapable of any order or com- 
pariſon with one another. The table is therefore | 
rightly ordered. 

9. Hitherto we have only o e 122 num- 
ber and proportions of the times in the cycle by 
which a conſonance is repreſented, without re- 
gard to the quality of the pulſes, as to magni- 
tude, duration, ſtrength, weakneſs or other ac- 
cidents; whereas the pulſes of graver ſounds are 
generaliy ſtronger, le. obtuſer, and of lon 
duration than thoſe of acuter ſounds, and 2 
the ear differently. But ſtill this alters not the ra- 
tional idea of the conſonanee, as above deſcribed, 


provided | 
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provided we take the middle inſtant of each pulſe 

as we did in Art. 13 nor does the ear perceive 
any alteration in the kind of mixture, c in the 
interval upon ſoftenin g or ſwelling either ſound, 
8 while the other retains the ſame ftrenpth. -* 

10. It is well known in general, that ingles 
conſonances affect the ear with a ſmoother-and 
e now ſenſation, and the leſs ſimple with a 

rougher and leſs pleaſant one. And this — 
ſeenis to hold true according to the order in the 
table, as far as the ear can judge with certainty. 
Thoſe that are willing to try the experiment, may 
readily do it by the help of the third column of 
the table, ſhewing the muſical intervals anſwer- 
ing to the reſpective conſonances. But the ana- 
logy wilt be plainer perceived by intermitting ſe- 
8 conſonances, and trying it, for example, in 
this ſeries of all the concords yok exceeding the 
octave; VIII, v, 4, v1, III, 3 4 Gib; but then 
they : ſhould not be tempered as ” al: but tuned 
ect. And if the experimenter be ſkilful in me- 
ody and compoſition, he muſt endeavour, as 
much as poſſibſe, to diveſt himſelf of all habitual 
prepoſſeſſions in fayour of this or tliat concord, or 
ſucceffion of concords, acquired from the rules 
and practice of his art; in order to an impartial 
judgment of the ſimple perception on of the fmooth- 
nefs and ſweetneſs of each' concord, and a | fair 
compariſon of ſuch perceptions only. > 
I. Though nature has appointed no een 
limit between coDds and diſcords, yet as mu- 
Bala diſtinguiſh confonances by thoſe names for 
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their own. uſes, I may do the like for mine ; call- 


dug uniſons, 111®, 5 0 and vr, and their com- 


plements to the vin and compounds with var, 
Concords, and all other conſonances, Diſcords. 
12. If the times of the fin ole vibrations. of any 


oleh and if V 5 ER,, | 


the leaſt integers in that ratio ; the 


length of cycle of times between the ſucceſ- 


five ooincidences of the pulſes of V and v, is 
VS Ru. Becauſe theſe adele of V and v 


are the leaſt of any that can be n. 


. H Vin „in de 
leaſt integers, the cycle V= 8A. BE 
13. Hence the length of the eyele of V and v, 
is to that of V and x, as 1 to 4; that is, the cy- 


cles of conſonances that have a common ſound 
or vibration V, are proportional to the Numera- 


tors of the fractions KV v, 5 V . ex- 


preſſing the times of the ſingle vibrations of the 
other ſounds, as in Fi „„ 
77 
Conſequentl ie dere of gl 
4. quently were 7 
city of conſonances to be eſtimated by the fre- 


5 0 7 of the coincidences of their pale o _— 


of their cycles, as is commonly 8 


ſed; the uniſons, vii, vir ve the, 2 VIDE, | 
2 vIII + III, ; 46, whale cpcls e. bes 


tion of the baſe, would be equally ſimple ;; 
the. ſame may be faid of the v vii + , 


4 4 


«* 4. 1 
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_vibra- 


8 
1 
1 


vibrations of the baſe; and the ſame alſo of all 

conſonances having the ſame number for the lefler 

term of their — ratios; which ſhews that the 

frequency of « nces is of itielf, too general 

a character of the ſimplicity.or ſmoothneſs of a © 

conſonance, and therefore an i 057 | 
aid 8 D 0 TA 0 N N i e 


F 50 GE primes but x r, 2, 3 were a ee, 
ted to the com compoſition of perfect ratios, a a 
795 of ſounds thenee n reſulting could have no 


any ratio having the number 5, 
|, bor either 1 ſts term 150 


it. 5 K? ho. N 1 
4 4 OY of 4 2 


rde aſs bones DE, 0 
i Will be increaſ- 
che difference of the 
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and ves, as CP and He, c and GC; are per- 
fect, whether g be admitted or not, e e 

on the rimes 1, 2, 3, only. | 

155 | Theſe diminiſhed bade being: called 
Limmas, the octave is now divided into g major 
tones. and 2 limmas; as repreſented to the eye in | 
Plate II. Fig. 6 ; where the conſonances whoſe 
vibrations are expreſſed by ſuch high terms as the 
powers of 8 and 9, &, muſt\needs be diſagree- 
able to the ear, according to the foregoing ana- 
logy between the agteeable ſmoothneſs of a con- 
ſonance and the ſimplicity of the numbers ex- 
preſſing the ratio of its vi 9 and that 
in reality they are ſo, any one ſoon ind if 


he pleaſes to try the following experiment. 
4. Fig. 6. Aſcending by a perfect v and def. 
Sin by a perfect 4 as alternately y: upon an or- 


r harpſichord tune the following ſounds, 
e to G, G to D, D to A, A to E, 
E to B, and the octave, H/ will then be divided 
into 5 major tones and, 2 limmas; becauſe. the 
differences of thoſe ſ ſucceſliye vc and 4 
Jor t tones, > We SIOgtio? 0 TOS +. don 

Then having tuned perfect fon to every 
one of thoſe notes, try the conſonances that would 
be perfect if the nus ber | 2dr 
thirds major and minor, with-their complements 
to the viii and compounds with IIIb“; and 
82 wa ad them rere yas" ts 


ls 5111 A Wi Ft E hw 

hz 2 75 Set. 11. ay 10. 
8 The yths and 4ths being tuned by the Ly of 

the eat, if any one GW whether their ting e vibrations 


be 


Ay. HAKMONTCS. =; 
5. But if 5 be admitted among the itiifical 
primes, the ratios T0 to 9 and 16 to f 5, belong | 
ng to the minor tone and the hemitone,/are alio 
admitted, and the elements that now compole the 
octave, are It major tories, 2 minor and 2 bags ack 
tones, as in vs. gui 3 TR 
SO ELY Þ un vn D νẽ]]]̊mao 
4 arrived 15 Faye. — RY ID 1 48 WP * 4 
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Ab am of Jounds whaſe elements a ar nal. 


24 


lat intervals are toner major und mi- 
ria "ror 5755 . pinks eon. : 


ue ©)» 


2 3 


1 e * WE 8 
in any one octave, it muſt be the ſame in every 


one; to the end that every ſound F have a per- 
fect octave to it, as being the beſt concord 


in order to have as many perfect vt ag poſſible, | 
and conſequently. VII v, which concords. are 
the ſecond beſt (y), the elements muſt be ra 

in ſuch order, that the contiguous couples ſhall 
make as many perfect thinks as 1 both ma- 


3 4 (x 
wow 8 17 
7 8s 9 OE is 4 1 3 1 jor 


— — 2  agy—_ 


be as 3 to 2 and A dee dis tulttän compare the found 
of 2; of a muſical ſtring, and Alſo 4 of it with that of the 
| whole, and he will acknowledge theſe concords'and thoſe 

which he tuned upon the inſtrument to be the ſame, and 


of conſequence to have the ſame FRties of their lingo vi- 
brations. | l ap 790d 21 dn 


0) See the table of the o = 4 concords i in Sea. un 
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jor and minor; theſe being the intervals which { 
the perfect vt. And that order being 
rightly. determined, we ſhall have the greate 
the complements to che dave, of pe fect thirds 
and vi, will alſo be perfect, and ſo hos their 
compounds with any number W 
Now it is obſervable of the ſeven elements T. 
T, T,. 7, f, H, H, which compoſe an octave, that 
T and H, T and * are the only couples. which 
make perfect thirds (2), all the teſt T and T, 
t and i, , and H, H ahd H, rnaking-thitds im- 
perfect by a comma, except H and H, which 
compoſe an imperfect tone, bigger than the ma- 
jor tone by almoſt a comma %. 
Hence either T and H, or T and ? muſt be 
the outermoſt elements in che octave, as in the 
following le e 20 ALS 
For i Sn denen in eveh Octave in 
Gyſtern' be T and the ſeventh be , the ſevent 
wy octave, combined with he frm the nx! 


1d BH 


> Bar i 
8 * 11 : 


bh Sed. U. W . Robes 2s 26cm 
(a) Putting H = log. 2 * s. ee 


e 2 aha, 2 met 
And T = log: . EE 
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. in every atave be 
T and the ſeventh be t, here alſo the ſeventh in 


any octave, together with the firſt in the next oc 


tave, will compoſe the interval 4+ T'of a perfect 
major 1117, and thus the contiguous octaves wall 


She dale beſides thole two, as appears b the ob- 


. Now ifthe &bucdrleenent Her; ft 
it compoſes the major 112%; 'T'+2. 


joined to it 
And if the ſixth eſement be T, the feventh joined 
to ie Will the: minor third TH. 
Tuo of the ſeven ments in the octave being 


ths dipole of teach end of e the nc! 


1 | 1 Couples 
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again be joined in perfect concord; and in no 
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couples of the remaining three: cannot comp 
ect thirds in any order different from this, 
+T-+z, or its reverſe TA H; both hh 
being transferred into the interval between thoſe 
extreme couples, ſhew, that the elements in the 
ſecond- and third places, compoſe either the 1 im- 
perfect minor third H. orthe in or 
third 7 +7. os Fa 
If H be the Good debe as in in the third 
rank of the table, the firſt couple does now. com- 
poſe the per minor third IH, and the laſt 
g alſo TA H, as before, the three remaining 
elements muſt have this order #+T'+7;jto make 
perfect thirds of their contiguous couples; and 
being thus transferred into the interval between 
thoſe extreme couples, they ſhew, that the ſecond 
and third elements do again n_compole : an imper- 
fe minor third HA. 
- Caf. 2. Here alſo the ſixth cement muſt be T, 
* no other joined to the ſerenth can make a 
pertect mird, a T 4 rig wo fo vr 
No if the Sead elem be. this!ſcined to 
the firſt makes the perfect major third Tr. And 
two of the ſeven elements in the octave being 
thus joined at each end of it, the contiguous oo 
ples of the remaining three, cannot compoſe the 
intervals of perfect chürds in 2 any order different 
from this, H+T+Hz; which being transferred a 
into the interval Wee the extreme couples, 
en that the ſecond and third elements do h 
rms". 79 the RY Hof an i 
minor third. 59 28 10 btoqub eucly 
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ka 00 hi the firſt _ compoſe they in- 
terval T H of a perfect minor 30, and the laſt 
couple being Tt as before, the three remaining 
elements muſt have this order, {4+ TH, or its 
reverſe, HA. TA for the reaſon above; and be- 
ing thus transferred into the middle interval, they 
ſhew, that the elements in the ſecond * third 
places do again compoſe an imperfect minor third, 
[+7, or elſe an imperfect tone HH; which 
being joined to the major tone on either fide: of 
it, compoles an 1 major third, greater 
chan 4. T by almo t yoo commas, as appears 
the preliminary obſervation. VE 
Na any one of thoſe imperfect minor thinks 
H, together with the contiguous t major 
1115, compoſes a fifth equally 8 and ſo 
does the imperfe& major third t with the per- 
fect minor third next to it. And the complements 
to the vii of theſe imperfect concords, as well 
as their compounds with vii Ib, are alſo equally 
imperfect, which proves the propoſition. For hav- 
ing ſhewn the neceſſary defects in thoſe ſix 
arrangements of the ſeven elements, we. are 
QUE 1570 the trouble of conſidering the reft (3): 
7. Coroll. Of thoſe: fir arrangements of the ele- 
ments, the ens wack 1 the 117 are W 
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and better than any one of the reſt, as 
nga man .de genre. 


l. Fig. 7- eee P RILEY 
and eaſe, if the circumference of a cir- 
cle, be divided into ſeven-arches, CD; DE, EF, 
FG, 0.4, 4B, BE: proportional 6 Ty, Bf , 
1 T placed in the reſpective angles at the 
center ; they and their ſums, whether ſmaller or 
than the circumference, here conſidered 
as a continued ſpiral, will repreſent all the inter- 
vals in a ſyſtem compoſed of any number of oc- 
taves, and the correſponding intervals in different 
octaves will be denoted by the ſame arch and let- 
ters: as appears by conceiving the baſe of the 
third Figure coiled round into the circumference 
of a circle, equal to the line Cc or c Rc. (c) 
In this notation then we have only chte major | 
11®,-CE, EA, GB, and they all perfect; and 
four minor thirds, DF, EG, AC, BD, the firſt 
* e put of at + eren. 
{ 1 6 


oY. 10 ale . FR 
the reader may not be at alofs for a ſuitable notation of the 
lengths of the correſponding homogeneal ſtrings; let the 
radius OC be 1 and in OD, OE, ( 75 96.0 O, OC, 
from the center ſet off g, 4, 2, 2,2, of the radius. 
Theſe are the ſame lengths as 5 5 db I onochord in 
Fig. 2, or Fig. 3; and as a regular curve drawn thro? the 
ph He? the parallel elftrings in Fig. 3. is a Logiſtic Line whoſe 
Afymtote is the line Ce, ſo a regular curve drawn thro' the 
ends of the diverging ftrings in Fig. 7. is an Equiangular 
Spiral whoſe Pole is the center of the cirele. See Sect. I. 
ad VE and Mr. 6 Menſurarum, * WP. 
an : x | 
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Tat 18 too ſmall by a comma; amt für fifths, | 
FAC, GE G, GBD, DEA. ned of te 
e& but DFA, which being compoſed | 
| Aker mina third DF and the berg ne 
00 mug — rags! 
| r 

| guity of t and H in the cycle of the: elements, 
caimot be avoided while the hemitones are ſepe- 
rated; there being but 3 major tones ini the cy- 
cle; and if th er- eee ien 
| ſequences will be worſe. 

The reſt will appea i emumerating th thirds . 
and fifths in che 8; 9 101 deere 
gures, made according to the other five 
1 8 Table of Elements 3 2 

ow if any one pleaſes to ee 
experiment, he will fad what ——— 
fect fifths and fourths and their compounds with 
V111**, will have upon the ear; mor yo lap g 
and fixths worms 71; ew! _ a ag er Ni 


8 0 2 . 4 4 


we + 4 * * 1 +- * 
4. WS. Lab 4 "> 
„ : — 7 f p 4 9 , 
=o PI K3.7 4 * 5 * 1 neh 8 8 * 8 «3 7 * F 2 
4 & x z : 4 : F F 1 EE, 13 
"4 a 7 


k . N it; ; 
5 141 pho : 
„ * # + 4 0 ; . 


44) Sir Jſaae Newton kaya 5 ele. Ken Wa ; 
. 2, Prop. 3) that the breadths of the ſeven: primary co 
bours in the ſun's image, produced by the refraction of his . 
rays through J are p Seba the ſeven. diffe- 
rences of s of the eight muſic ſtrings, DFE, F. 
G, A, B, C, d, we the rb of their ſou ſounds 2 

s T. H, * T; t, H, Te which order is remarkably regular; 
"= though is; agree recs beſt with the priſmatic colours, it is 
not the prope for a ſyſtem of concords, as producing 

one major third, two em thirds and two fifths ſeverally 
N by a comma. See Fig: ha ky 2, 


1 "Ss Put kt E 
" mares Pat itt ene (A) 


. 11 10 f 
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In Fig. 3, tune upwards from C the two per- 
| ry ven UC, Gd, and the perfect og 
2vIII II, C, then downwards the v** ga, and 
the intermediate fifth: 2d will be too little by a 
comma, as including the imperfect minor third 
d. And by tuning an eighth below a we have 
the imperfect fourth Ad too large by a comma. 

9. The diſagreeable effect of this fifth da and 
Fourth! du in every octave, and of their com- 
pounds with vII Tb, and allo of the third 47 and 

and ſixth fd' in every octave and of their com- 
pounds with vin, and of many more ſuch im- 
perfect concords, when the uſual flat and ſharp 
ſounds are added to complete the ſcale, has obli- 
ged practical muſicians, long ago, to diſtribute 
that comma, wanting in the fifth da, equally 
among all the four v', CG, Gd, da, a, con- 
tained in the xv11* C. And this interval Ce 
may be increaſed or e a little before it 
be divided into 4 equal v. In any caſe ſuch di- 
ſtribution is ee called the Participation &r 
Temperament of the ſyſtem, and when rightly 
adjuſted i is undoubtedly the e eee in 

nis. 

10. If it be aſked why nc no more primes — 
1, 2, 3, 5 are admitted into muſical ratios; one rea- 
Gut? is, that conſonances whoſe vibrations are in 
ratios whoſe terms involve 7, II, 13, &c, cæteris 
e bus would be leſs Yu and . (f) 


* 


(J) SeRt. 111. Fo Table of the FR wo the — 
of conſonances. | 
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than thoſe whoſe ratios involve the leſſer primes, 
onl 

3 as perfoct fiſchs and 
other intervals reſulting from the number 3, 
make the Schiſm of a comma with the perfect 
thirds and other intervals reſulting from the num- 
ber 5, ſo ſuch intervals as reſult from 7, 11, 
13, &c, would make other ſchiſms with both 
* thoſe kinds of intervals. 

11. The Greek muſicians, after dividing an 
oQave into two 4, with the diazeuctic or ma- 
jor tone in the me between them, and ad- 
mitting many primes to the compoſition of mu- 
ſical ratios, ſubdivided the 4 into three inter- 
vals of various magnitudes, placed in vatious 
orders, by which they diſtinguiſhed their Kinds 
of Tetrachords (g). Two = them have oc- 
curred in this Section. The firſt, or == x 2.x 
Zr anſwering to the q*=T+T+L, in 
Fig. 6, is Ptolemy s Genus Diatonum ditonicum, 
and reſults i irom, that diviſion of a Monochord 
which bears the. name of Euclids Section of 
the Canon; the ſecond Kind, or 1 =, AE, 
anſwering to the 4 r AH, in Fig. 3, is 
Ptolemy's Diatonum intenſum. © 

12. Since the invention of a temr perament 
all thoſe. antient ſyſterns have juſtly 1 8 laid 
10 as being n for the execution of muſi- 


* Dr. Wallis has given a ebe of bert in his Aps | 
ndix 


to hn Harmonics, IN” Math. vol. 11. 
pag; 166, a 


C | 6 95 


# 
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clude from thence that the antients had no mu- 


fic in parts, would be a very weak inference. 
Becauſe it is much eaſier for practical muſicians 


to follow the judgment of the ear, which leads 


naturally to an occaſional temperament of any 
diſagreeable concords, than to learn and put in 
practice the theories of philoſophers (5): An 

— 2132711125 -DIgjES 


- (4b) It may not be amiſs to add the opinion of the fa- 
mous Salinas. Sed unum hoc omnes ſcire volo, inſtru- 
menta a antiqui utebantur, conſonantias habuiſſe 
imperfectas, ut ea, quibus nunc utimur. Neque enim 
aliter modulatio convenienter exerceri poterat. Quod fi 
de hac conſonantiarum imperfectione, neque Ptolemeus, 
neque alius ex antiquis muſicis mentioneni feciſſe reperitur, 
cauſam potiſſimam eſſe crediderim, quòd ad practicos eam 
pertinere arbitrarentur ; quoniam ſenſu duce folum, non 
arte aut ratione ſemper fieri ſolita ſit: cujus pleniſſimum 


et evidentiſſimum teſtimonium reperitur,apud Galenum, li- 


- 


nam eſſe latitudinem ſanitatis oftendere volens, ſic inquit: 
Kal Ti Snhuasòv & Tyv epgoiav as Fxavev Urlaveor 
war amasles, ons 7 ua & dure Nei d? 
luos ia, THY pe αοẽ¼ ee αν]¾·¶ dare, lia 1, drhꝭ 
UTapyeay einde! n — y eic xe, isoa, Mπ —ũ r. 
rv. Io dig y & nu dexgoav ape Nv „ 
er*p@ perm dxpcus ipnguooaro! wailays N n 
alen nur Vi npprngzov, ws wege Tas Ov To Blu 

eeicg. hoc eſt, Quid mirum, fi Eucraſiam in ſatis amplam 
latitudinem extendunt univerſi; quando et in lyris conſonantiam 


ipfam que ſumma exattiſſmaque ſit, unicam atque inſeftabilem 


bro primo De Sanitate tuenda, capite quinto; ubi mag- 


eſſe probabile fit, et quæ in uſus hominum venit, certe latitudi- 


nem habeat. 'Sepe namque, [quam] percommode temperaſſe h. 
ram videaris, alter ſuperveniens muſicus exattius -temperavit - 
fuquidem nobis ad omnia vite munera ſenſus ubique judex eft. Ex 
quibus Galeni verbis liquido conſtat, conſonantias, _—_ 

| 5 


d 


| ping Fee e 


. nanxuonxies 4 


e e 


of a temperament before the reaſon of it was 


diſcovered, and the method and meafure of it 
was reduced e 2 as in ln fol 


* 


» 

1 * _ 
. os Ws 1 * „ 
K "a 


SECTION. v. ö 
Of 4 the temperaments of inperfuBt in 


 ervals . . enn varia- 


3 1 
. — 


PROPO SITION 1. 


OTE #$ | A 


25 1 the. iar Ae. of perfil 


T6 #4 


2 Wi a ene 4 few of 


"x 


2 ; 10 


'Prare II 1 Fig 13. When he ae hd x 

ranged in this order, T, t, H, T,. t, T, H, or 

r t, T, H, which two we ſhew- 

CHE WT; 85 and the arches CD, 
325) 5a 


#444 4 ; 4% ' = * . 0 5 1 i 
3 1 7 * 4 : " k 
4 — 5 $ : N 4 - 23 s * 


\ 65 4 LA 
# hs £4... 3a 
ow * 2 * 


"7 in -invſicis wüde inſtrumentis, jam tunc i imper- 
fectas eſſe, quin potius et fuiſſe ſemper et ſemper eſſe fu- 
turas. B. Lig lib. 111. cap. 14. Be it 1 but did 
they know, that all the concords cannot be tuned * 

d why they cannot? 


G) Seek. Iv. Art. 7. 
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DE, EF, FG, GA. AB, BG, are propot- 
tional to them, let the major 1114 CE, ſituated 
between the two hemitones, be biſected in 43 
and let the other two major tones, FG, AB, 
be diminiſhed at both ends by the intervals Ey, 
Gg, Aa, Bb, ſeverally equal to half Dd; and 
the octave will then be divided into five mean 
tones and two limmas, each limma being big- 
ger than the hemitone by a quarter of a 
comma. 

Fer the interval Dd being half the difference 
between the major and minor tones, CD, DE, 
is half a comma (I), and therefore the new tone 
Cd or d E is an arithmetical mean between them. 
And each of the temperaments F/, Gg, Aa, 
Bb, being made equal to half Dd or a quarter 
of a comma, it appears that every major tone is 
diminiſhed by halt a comma, and that every 
minor tone is as much increaſed, Je reduces 
all the tones to an equality. And by the 
conſtruction the limmas 50, 0 ect the 
Hemitones "wy a quantes of a comma + =" 
QED... 

. . Goroll. T: the. Giltens = mean tones ry 
perfect v is «diminiſhed by a quarter of a 
comma: as will appear by going wound he 
13 figure, and comparing 2 red yi, 
FaC, CEg, gbd, dfa, aCE, Egb, "— the 
perfect ones, . by means u of the notes .T, t, 5 in 
the angles. | 


(+) Sect. II. Art. 4. 9 ik 6 


ww YF 


foun 
they underſtood not the reaſon and true meaſure of it, 


tutioni Harmoniche, part. 2. cap. 43s 


{ 
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This is uſually called the vulgar temperament 
and might be proved ſeveral other ways indepen- 
dent of the firſt and ſecond propoſitions (). 


* 
F R . 
3 — 4 l — 
lu 1 * » - * * ow : % 
1 W.5 P * 9 — . 4 - 


J 


; | 8 ; 
7 1 Salinas tells us, that when he was at Rome, he 
the muſicians uſed a temperament there, though 


till he firſt diſcovered it, and Zarlino-publiſhed it ſoon af- 


ter; firſt in his Dimonſtrationi Harmoniche, Ragiona- 


mento quinto, propoſta Ima, and after that, in his Inſti- 
After his return into Spain, Salinas applied himſelf to 
the latin and greek languages, and cauſed all the antient 
muſicians to be read to him, for he was blind; and in 


F577 he publiſhed his learned work upon muſic of all 


ſorts; where treating of three different temperaments of 


a ſyſtem, he prefers the diminution of the vth by a quarter 
of a comma to the other two, which he ſays are peculiar 
to eertain inſtruments. De Muſica Lib. 111. cap. 22. 
Doechales ſays, that Guida Aretinus was the inventer of 
that temperament: Ipſe nulla habita ratione toni majoris 
et minoris, hung unius quintæ defectum alijs omnibus 
quintis communicat, et quaſi dividit, ita ut nulla deficiat 
niſi quarta parte commatis. Hoc ſyſtema, quod valde 
commodum eſt, dicitur Aretini. Curſus Mathem. Tom. 1. 
pag: 62. De Progreſſu matheſeos et muſicæ, cap. 7 ; et 
om. IV. pag. 15. cap. x1. But that opinion wants 
confirmation, eſpecially as Dechales makes no mention of 


£ the claims of Zarkno and Salinas to that invention; for it 
ſeęms they had a diſpute about it. 
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PROPOSITION. m. 


IF the fooe mean tines and the res Jim 2 
mas, that compoſe a per felt octave, 
be changed into five other equal tones 
and two equal limmas, of any inde- 
terminate magnitudes ; the ſynchro-' 
nous Variations of the limma L, tbe 
mean tone M, and of every interval 
compoſed of any numbers of them, are 
all exhibited in the following table, 
by the numbers and figns of any ſmall 
' indeterminate interval u: And are 
the ſame quantities as the variations 
of the temperaments of the at ve 
e intervals. 


2L-+2M 
5th 
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For ſince the perfect vin =2L+5M is in- 
variable, if the variation of L be put equal to 
5%, as in the table, that of 2L is 10v, and that 
of NM. as being the complement of 2L to the 
VIII, is — L093 W the variation of M 


18 — 2. 


Conſequently the variation of the mean 3 "> 
LAM, is 5$V—2v==3v, and that of the 111, 
2M, is—4 v, and that of the mean 46, L+2M, 


is 5v— 4. b, and that of the mean Ivo, 3M, 


is - 6. 
Ihe variations of the W in the lower 


half of the table, are reſpectively equal to thoſe 
in the upper half, but have contrary ſigns; the 


correſponding intervals being complements to 


N octave. 


or which reaſon the compounds of every 


one of thoſe intervals with any number of 


octaves, have reſpectively the ſame variations 
both in q Frag = I hs Fg 
And if the of the variation of any one 
interval be 2000 ged, the ſigns of all the reſt 
will. alſo be chan ok becauſe their quantities 
will vaniſh all together when v or any one mul 
tiple of it vaniſhes. . 
As to the n Fig. part of the propoſition, it 
will appear 13, that any variation v of 
the mean Fd, 045 Fs the ſame in quantity 
as the variation of the temperament Ff of the 
ſaid interval Cd Ef: and the like like is evident in 
2 oder e . D. | 
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Corll. 1. It is obſervable in the table, that 
the variations of all the major mean intervals 
114, 1114, vb, vi, vii, vii, have the ſame 
ſign, and thoſe of the minor intervals the con- 
Grell 2 . Having extended the circumference 
 CdEfgabC of Fig. 13 into a right line, as in 
Fig. 14, at the points d, E, g, a, b, that termi- 
nate the major mean intervals 119, 1119, v, vi, 
vIIcb, . from C, (and the minor too 
meaſured from c the other extreme of the oc- 
tave Ce) place the reſpective tabular numbers 
2,4, 1,3, 5, denoting the proportions of their 
ſynchronous variations; and in Fig. 15 divide 
any given line O6 into 6 equal parts, at the 
points 1, 2, 3, 4, 5; then (conceive the 14". 
ig. transferred to the 1 5 five ſeveral times, 
into five parallel pofitions, ſo that the ſeve- 
ral points 1, 2, 3, 4, 5 in each Figure may co- 
incide. And it will be evident, y coroll. 1, 
that any right line Ovvvv, drawn from O, ter- 
minates the ſynchronous variations, 1v, 2v, 3v, 
4%, 5v, of thoſe mean intervals, v**, 114, vi, 
1114, vii, the variations being meaſured from 
their reſpective origins 1, 2, 3, 4, 5; and that 
theſe are alſo the ſynchronous yariations of the 
temperaments of the reſpective imperfect inter- 
vals, and of their complements to the vii and 
compounds with viii, that is, of all the inter- 
MEIN AAA OOH 
For as to the mean 1v , Fig. 14, its con- 
temporary variation in Fig. 15, will be the = 
| * 
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66 in the fixth parallel FEN F, when its tem- 
perament B'6.or B., is taken equal to twice Ba 
and placed the ſame way from its origin & or 6. 
Becauſe in Fig. 14 the Emmperiment of the i im- 
perfect Iv fb is Ff+Bb=2Bb © 
As want of room in Fig. t 5 will not permit 
the ſeveral intervals CG, CD, &c. even lets than 
one octave, to be repreſented i in their due pro- 
portions to G1, the quarter of the comma, 
which is but the 223 part of an octave; we 
muſt conceive them continued far 122 We. 
margin of the paper. yaa 
Coroll. 3. When the 111* is pertsct, the tem- 
peraments belonging to the v* and vid are ſe- 
verally + of a comma, the former in defect, 
the latter in exceſs: and if either of them de 
made leſs, the other wil be greater than + 
Comma. 
Pl. III. & Iv. Fig. 15, 16. For when the 
Temperer Ou fall upon E, the 1114 CE is 
, and the tempered v Ci is leſs than the 
perfect v CG by G1, and the tempered vi* 
C3 is bigger than the perfect vi FA by 43. 
G 1 = comma. 
Hence when Av, any other temperament be- 
bo nging to the vis,” i ef efs than 43 or 5 Sena 


ma, G the correſpo rreſponding tem ent be- 

longing to the ven, is greater than ny 2 or ; com- 
ma: and on the contrary; when Gy is leſs 
than G1, the reſpectiye Av is bigger than A3. 
And whatever be the magnitudes of theſe tem- 
peraments of the * and vn, thoſe of their 
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complements . to the viii and compounds 
with v111% are the ſame. _ 
_ Ceroll, 4. When the vi is perfect, the tem- 
peraments of the v and 1115 are ſeverally: LA 
comma, and are both negative. 
Fig. 16, For when the temperer Ovvp falls 

upon the line OH AI, the temperament of the 
v1 yaniſhes, and thoſe of the v and 1114 are 
GH and EL, and are equal. For the equal 
lines G1, Az and equal triangles GEO, JOE 
ſhew, that the line GE is den to AO; whence 
GH is equal to E, and the ſimilar triangles 
TEO, #908 give ne Wee e 
comma. 


line OG KL, the temperament. of as ues 6 va- 
niſhes, and thoſe of the vi and 1114 are now 
AK and EL, which are equal, becauſe of the 
parallelograms AEGO, ABLK, a and EL 18 
45 G1 or four uarters of a comma. 
f Coroll. 6. en the temperer Ovuy falls 
Within the angle AOE, the tempt. vi®=tempe. 
| vi* temp'. 111*, that is, the line Gv= Av + 
Ev, or the lines Gi+ 1v=A3—3v+Ev, 
that is, putting the letter v for the line 1 v, toy 
+v=Ze6—39v+ 40, which is evidently tru 
Coroll. 7. When the temperer Ouvv Fall 
within the angle-EOG, the temp*. vi tempꝭ. 
e 1115 that is, the line ene 
wb 


— 


Ev, or eh line n 
that is, putting v for the line 19, „ els ate - 
vv; which is true. 

Ceroll. 8. When the temperer falls any where | 
out of the angle 40, the'temp*. 111%=tempe. 5 
vn + tempt. vi, that is, when it falls beyond 
the fide AO, the tempt. EINIT = GG H+ Hv 
Av, or putting the letter v for the line Ho, 
3c +40=3c+v+3v, which is true: and 
when the'temperer falls beyond the other fide 
OG, the ſaid tempy. EL+Lv=Gv+AK+ 
Ku, that is, putting v for the line oy c 
=v + +30, which is true. 

| - Coroll. 9. The ſum of the temperaments of 
the vw and vid ig 2 a comma when the 111“ is 
perfect; is leſs than + + a comma by the tem- 
perament of the 111 when flattened; and grea- 
ter than ⁊ a comma + "gy ms termperainent. of the 
1118 when 

For in the firſt = the Laid "RON is 8 
in the ſecond, it is G1+19+4z—3v=6it+ 

Az -= 2 and in the third, it is G1i—1v+ 

| A3+3v=61+A3H2v; in which latter caſes 
the temperament of the 1114 is 46. „ 

'  Corvll. 10. Hence the ſum of the tempera- 

ments of all the concords is leſs when the 111 

are flattened, than the like ſum when the 111. 2 

are equally ſharpened ; and the ſum is the leaſt * 'I 

of all when the 111 are PO? + as in the * | 

ſte of mean. tones EN. 


e 1. were nt gane 
Sacbolium. 


© Scholium. 


1 rom the third and tenth corollaries I think 
we might juſtly pronounce. the ſyſtem of mean 


tones to be the beſt poſſible, were it evident 
that equal temperaments cauſe different con- 
cords to be equally diſagreeable to the ear (n). 

But if it ſhall appear, that the vi and 30 and 
their compounds with octaves, are more diſa- 
greeable in their kind, than the v and 4 and 
their compounds with octaves, all being equally 
tempered, as in that ſyſtem ; will it not follow, 


that the temperament of the former Parcel of | 


concords ſhould be ſmaller than that of the lat- 
ter, to make them all as equally harmonious as 
poſſible, without AA — of the 
1114 and 6 and their compounds with octaves; 
which third 78 75 makes up the ſum of all the 
concords in the ſyſ tem. 


” 


[ 


(n) Mr. Huygens has pronounced it the beſt, in ſaying 
that the muſicians in the other planets may know per- 
haps, cur optimum fit temperamentum in chordarum ſy- 
ſtemate, cum ex diapente quarta pars commatis ubique 
deciditur ; Coſmotheoros pag. 76; but has given us no 
reaſon for his afſertion, either in that eee N book 
or in his Harmonic Cycle; where he only appeals to the 
approbation and practice of muſicians and refers to the 
283 of Zarlino and Saknas. But neither of 
theſe celebrated authors do any thing more, if I rightly 
remember, (for I have not the books now by me) than 
reduce the Diatonic ſyſtem. of perfect conſonances to 
that of mean tones, by diſtributing the ſchiſm of a whole 
comma into quarters; not at all conſidering, whether 
thoſe equal temperaments have the ſame, or a different 
effect upen the ſeveral concords, 


11 40 For 


„ . i WW wy 
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For if it be the immediate ſucceſſion of * 
| worſe harmony to a better, as in inſtruments 
badly tuned, which chiefly offends the ear ; 3 ut 
Fut. be allowed, that a ſyſtem would be the 
better, cæteris paribus, for having all the con- 
cords as equally harmonious in their kinds, as 
* nature and n of nn will 
permit, NK 1 8 TINT 
In order to reſolve thoſe — * upon phi- 
loſophical principles, and to determine the tem- 
perament of a given ſyſtem, that ſhall cauſe all 
the concords, at a medium of one with ano- 
_ ther, to be equally, and the moſt harmonious | 
5 in r ſeveral kinds, 1 found it neceſſary to 
make a thorough ſearch. into the abſtract na- 
ture and properties of tempered conſonances; 5 
and thence to.derive their effects upon our or- 
gans of hearing: A large held of harmonics bir 
therto uncultivatedſ. 
But before I enter upon i, it willche conve- 
nient to finiſh this ſection with a determination 
of the leaſt ſum of any three temperaments in 
different parcels, when * two of them have 
UM gen gen Anf 9. + Bien 
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223 Fi ns wth 


7; 5 fd. a » fer of emperaments of the wh, 
vi and 111 upon e conditions ; 
- that thoſe of the v and vis ſhall 
Save rhe given ratio of rt S, and 
_ the | 1 75 all e W be the leaft 
pal. de e 


DD VI NA 
— 1 ret 25 * 1 3 10 

1 v. VI. Part of the 17% and 10 Figures 
being conſtructed like the 1 50, from A to- 
wards K take AM: GI: 5:r, and through 
the interſection þ of the lines AG, Mr,” draw 
the temperer Orst; Tay t On, 25, Ef are che 
temperaments required. 

For by the ſimilar triangles Grp; a ala 
G1, AMp, we have GV: As: (EY: Ap :: 
r by Conſtruction, a5 requited 
by the firſt condition. oy 
Again, in the ſame line MAC take AN 
AM, and through the interſection P of the 
lines AG, N1 bc: draw another tempe- 
rer ORST; and by the ſimilar triangles GRP, 
ASP, and G1P, INP, we have GR: AS:: 
(GP: AP: : Gi: ANor AM: :) 7: 5 by con- 

Aon, which likewiſe anſwers the firſt con- 
dition ; and it is eaſy to underſtand, that no 
. other temperers but diols two can anſwer that 

condition. | 8 
' Now 


Prop. W. HARMONIES! &þ 


- Now whatever be 75 anz and quality of 
ä the given ratio 7 to 5, I fay the ſum Gr At 
1 . * eee h 

5 1. Fig. 17. For when 7 1s then 
or the ratio, of r to s, or of G1 or 43,to 4M 
or A N. is a ratio of majority, the temperers 
Op, OP fall within the angles A0 E, 400 re- 
ſpectively; as appears by the co ion. 
Whence, by coroll. 6 and prop. 11. Gr 
As + Et, and ET=GR+AS; and therefore 
2 3 : Gr : ET, 


Fa % 


| 00 2. Fig. 18. When ris leſs than 3, or the 
rats af 10.4, or of Gi to AM Dr AN is a 

ratio of minority, the temperers Op, OP fall 
within the, angles EO, AQC; e as 
appears by the conſtruction. Whence, by co- 
roll. 7 and 8. prop. III, As=Gr Et, and ET 
=GR+AS, and therefore Gr+ ASHEx: GR 
+ ASHET: : : As : ET, which is a ratio of mi- 
nority ; becauſe GY: 45: :'r : 5%: GR: AS, 
whence; as Gr is leſs than GR, 10 Av is leſs 


tas. £8, Which is leſs than I. which 18 leſs 


than ET. 

Caſe 3 Fig. 17 and 18. When > Ter 
to AM or AN, is the ratio of equality, the 
temperer Or5t coincides with the line O E, and 
Or5 is parallel to G A; whence it is plain, that 
the ſum of the temperaments G 1+A3+0, is 
un . GR+ASHET, as required. rel 


10 See coroll. 4 111. 


+ 
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Coroll. Putting c for the comma EL or four 
Gr, when the/temp*..y : temp*.. v1:: 7:5, the 
required temperaments of the v, v1 and 111 A 


Gr ge A. fre and = = Et= == = C 


And according as # is bigger or leſs than 3, the 
temperer Or et falls within the angle - 4⁰ or 
EOG. 2 5 ; 

Fig. 17 and 18. For, mw GH: 17 and 
As: 30 or 5K :: 5 37, and As : 4 I 


or c (þ) : 141 +37.  Whence . 70 


and Gr A. rie and in the ang 


AOE, "Et == == Gr—As== 5 c, bus | in EOG, 
Er, by the ar in 5 1. a 


PROPOSITION: v. 


To fnd a ſet of temperaments of the va, 
vin and 111. upon theſe conditions ; 
that thoſe of. the vs and 1 1* ſhall 
have. the given ratio of - r to t, and 

tbe ſum of all three 9 be the __ 


Poſſible. 


pr VII. VIII. ig. 19, 20. If N 8 
tio of minority, or of equality, or even of may 
Jority leſs than 1 to 2 25 or o. 843070 &c, 


from E towards I take EA: G1 :: tr, and 
_— 
(p) See Dem, condi. 5. prop. 111. 


4 
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through the interſection þ of the lines Mr, GE 
produced, draw the temperer Ors/, and the re- i 


| quired temperaments: will be G, As, Et. 


But if the ratio of f to y be greater than 1 to 
0. 843070 &c, in Fig. 20, from E towards L 


take EN: GI: :: I, and through the inter- 


ſection P of the lines VI, GE, draw the tem- 
perer ORS, and the required temperaments 
will be GR, AS, ET. 
And if ::: 1 : O. 843070 &c, the requi- 
red temperaments will be Gr, As, Et, or GR, 
AS, ET, their ſums being equal. 

h tk firſt caſe, Fig. 19, pe E N= EA. 


and in the ſecond, Fig. 20, EM= EN; and 


through the interſections P, þ of the 3 Nr, 


M1 with GE, draw two more temperers ORS T, 
Ort. 8 te 


Then by the ſimilar triangles Grp, Etp and 


xp E. Mp, we have Gr: Et:: (Gp: Ep 


:G1:BA 306 . by cpoſtruGon, . as re- 


and 81 P, ENP, Te have GR. ET:: (GP 
2 EP 22 G & 2 E 20 4 t by conſtruCtion, 


Which alſo anſwers the firſt condition; and it is 


Z therefore E 
nority, the temperers O p, OP. fall within the 


ceeaſy to underſtand that no other mp but 


thoſe can anſwer that condition. 1 
Caſe 1. Fig: 19. Now when 7 is to 7, "Ind | 
or E N to G ĩ in a ratio of mi- 


e N E98 * * fr con 


„„ 
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ſtruction. - Whence, by coroll. 6 and 7. p. 3, 
Gr = As +Et and AS GRNTE T. 

But Gr Et i 1. and CH 2 Etorr1 
[EARS and Gr: Gr —rI Or 40:7; 


4 F:: 4: 41. Whence Gr = pe, and 
is Gr ==, and As = Gr Et 


— c, by the equation in the laſt paragraph.” 


Likewiſe Gr: ET:: 1: t, and GR: ET or 
Ri :I, and GR) GRAHRL orc: I a 


::; 41: 41 t. Whence GRe 
and Et = GR= e and 4S=GR + 
ET e. 17 equation above. 


41 ＋ 
I Therefore „ GRAS ET:: 
Or: AS: px = g Arret: 4 r 


. N which is a ratio of minority; 

becauſe 7 being lefs than 7, Ft is leſs than 27 f. 
Caſe 2. Fig. 20. When ? to 7, 1 

E M or E N to Gr, is a ratio of m 

temperers Opt, OPT fall within 1 * hs 

AOC, EOG. reſpectively ; 'as appears 'by the 

conſtruction. Whence, by coroll. and "7 Pap: 
Et = rA Ast and ASSGR+ET.” 

; 'In which caſe the theorems for the values of 

Gr, As, Et, GR, AS, FE are the ſame as 

before. 
Therefore GLA Ef: GLA ET. 1 


Et: AS: —: 2. art + tt: (arrt 
| aff. 


-— 


—_— * = © "OY 
n * P 6 - > | ta rs a SEA ä 1 TE * * * 
OOO beth AC n ee ee eee ee eee 1 
* * N * of g bY uy * A 
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qr tr itt or) arte, Arr., 


which ĩs a ratio of minority, except either when 


aka | „ 
47 Fiona a D SE Do, or — 


—z=0, which gives; — = s 070 


4 

Kc (); or when 4rr—rim—2tt, or Z— - — 
E is negative, and conſequently © is leſs than 
o. 843070 & (7), or the ratio of ? to r is s grea⸗ 

ter than 1 to o. 84.3070 &c. 

In the firſt caſe either Gr + 45+E7 or GR 
AS+ET, as being equal, are the required tem- 
peraments ; in the ſecond the latter wn as be- 
ing leſs than the former, 3 5 


Caſe 3z. When fr, we have E N or EN 
G1; therefore the interſection p is removed to an 
1 dw new and the e OT coin- 

— 


n inn Lis 115 
0 K For bre 7 Se we have © 2 5 
— =I - — zs. . ** r r and &*— 1 : 


XD Hi AN * — = whoſe ſquare roots 


aro + —4 =; ls oe * n= . 
=5: I245- 744562 Ce. l 
| 8 


| 00 For ſince the root o. PR ER 1 e r | 
for x, will make the value of xx—4x—5Z, or of x—5— 


2 * 8 ſmaller number ſubſtituted for x, will produce 


a negative value of the latter, and conſequently of the 
former quantity. | ; 
D 2 
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cides with OAT Hence Gr Au-. Er be. 
comes=GH-ro+B1, and is to GR+AS+ET 


6, a ratio of minority, produced by putting 
1 in the 980 of that ratio in md I or 2. 


Q. E. D. 
Coroll. When the temp 1 : tempy. n::r: 


z, if - be bigger than o. 843070 &c, che re- 
quired Pears: of the v, VI . ITI are, 
Gr — „ DINE c, Efe RES c. And 
the temperer Ort falls within the angle AOE 
or AOC ; according as 7 is bigger or leſs than t:. 


But if be leſs than o. 843070 &c, they are 
GR= AS = e, ET= ==; and 
47 ae 


the temperer ORSY fall within the E le 
EO G. . 


| - Andif "= 0.843070 &c, "oth Sant: are 1 
8 _ ther” of 1 28 anſwers the pro- 


8 


no- 


ix 4 
+*Y 
7 5 4 
1 
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TE 
r 
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PROPOSITION v. | 


7 fad; a ; fot of temperaments of wy yk 
vi and 1114 #p0n theſe conditions 
that thoſe" of the vin and 111 ſbal! 
have the given ratio of s to t, and 


1 oo ha all three EA be the ga 


pl. IX: X. Fig. 21 and 22. From E towards 
Ctake EM: 2 21:5 and through the in- 
terſection p of the lines Mg, AE draw the 
temperer Ort, and the required —— | 
will be Gr, „ E. 
For by the fimilar triangles 405. E fp and 
439. E Mp, we have As: Ef :: (Ap: Ep 
A3: EM: ) s: t by conſtrudtion, as Te- 
quired by the firſt condition. 9 8 
Again, taking EN = E M. through e! in- 
terſection P of the lines N'3, A E produced, 
draw the temperer ORST, and by t xe fimilar 
triangles ASP, ETP and A3P, EN, we 
1 TH (ATE: AT; RNs, 
. EM) :: 5: r by conſtruQtion, which allo an- 
ſwers the firſt condition; and it is plain that thoſe | 
are all the temperers which can anſwer it. 
No whatever be the ratio of 5 to 7, I fay 
that Gr +A5+E t is leſs than G R+ASHET. 
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Caſe 1. Fig. 21. When 7 is tos, or EM to 
Az in a ratio of minority, the temperers Op, 
O fall _— the angles AOE, EOG re- 

ſpectively, N by the conſtruction. 
Whence by coroll. 6 and 7 prop. in, E A. $ 
; FEf and 1486 K. 7. 

But Ef: As: f: 5, and Bt: is feds It 
: ds, and Ef: Bec Tears ol + 7 * 


3 T: 3 . hence ET 


And A=Et x5 145. At g 


Bee by the equation in the laſt ber. 


Again, ET: Meru and BT: 248 01 
IT»: TEST and ET: IT ET, or IE or 
1 35: ee + * 
EN —c and A = ETA S. 
e Gr+A+Et : - UTE op 
: Gr: AS tf. —— TE £22: 2 455445t—35t 
ET or 455+ $125 f— H :485+354, 
which. 1 18 1 SHE, ratio of nt _ | 
Caſe 2. Fig. 22. When * is to , or EM to 
Az in a ratio of majority, the temperers OZ, 
P fall within the angles 40 E, GOc re- 
ſpectively. Whence, by coroll. 6 and 8 prop. 
III, Gr=As+E* and ET=GR+AS, and 
GAA E- GR+ASHET:: . 
Which! is plainly a ratio of minority. 


"Gf 
() See Dem. coroll. 4. prop. III. 
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Caſe 3. When #=s or EM or E N==23, 
the interſection P vaniſhes, and the temperer 
ORS T coincides with OG K L, as appears by 
the conſtruction. Whence by the * 
of the ſecond eaſe, GH As Et: OAK 
E L:: Gr: EL, a ratio of en as be- 
| Od E. D. A | | 

When the temp⸗ vi: temp? III:: 
4215 "i required temperaments of the v, an and 
III are, Gr I c, te 8 05 Et A 


: 45+ 3t HP 3 
and the temperer lies ALE c ang le AOE, 


De 7 SO Want 90d * 'of the ra- 


£3.44 * » 
s 


7  Scholium. 


| These chris: 8 1 the folu- 

tion of a more general one, namely, To find 
the temperament of a ſyſtem of ſounds upon 
theſe conditions; that the octaves be perfect, 
that the ratio of the temperaments of any two 
given concords in different parcels be given, and 
that the ſum of the temperaments af all the con- 
cords, be the leaſt poſſible. 

The reaſon is, that the given ratio of the 
temperaments of any two concords, determines 
the poſition of the temperer of the ſyſtem, and 
this the three magnitudes of the temperaments 
of all the concords, whatever be their number. 
But if both the given concords be contained 
in any one of the three parcels above men- 

D 4 . _ tioned 
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tioned 309 che given ratio of their temperaments 
can be no other than that of ene e 
datum is ** inſufficient. | 0 


SECTION VI. 


07 the Periods, Beats and H an 
of e conſonances. 


DEFINITIONS. 


I. Any two un whoſe ſingle m 


have any ſmall given ratio, are ca ed Imperfet 
Uniſons: | 


II. And the 3 of their pulſes is called 
Simple or Complex, according as the difference 


of the leaſt terms of that ratio is an unit or 
units: | 


III. And when a com plex cycle is divided 
into as many equal parts as that difference con- 


tains units, each part is called a Period * the 
pulſes: 


IV. And the cycles of perfect a 
are often called Short cycles, to diſtinguiſh them 
from the long 19 * uniſons. 

P R 0. 


(t) Schol. prop. 111. 
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PROPOSITION vn. 


q 7 going from „ of 
any ſimple cycle or period of the pulſes 
of imper fact uniſons, the Alternate 
Leſſer Intervals between the ſucceſſive 

| pulſes increaſe. uniformly, and are 
proportional to their diſtances ow 
that end; and at any diftances 

1 leſs than half. » ſample cy . or 

Period, are leſs than half the ler of 


. tbe. two vibrations of * it: 4 cx 
| uniſont. on , 


Let Waal Ga and V: 92 
R : 7, the integers R, 7 being the leaſt in that 
ratio; and putting . we have the com- 


plex cycle rV=Rv=r v+dv (4), and the pe- 


riod v 7 Me, which when 2 is a e 
G0. (*). 


Pl. XI. "th 2% 24; 2 5, wy To afliſt Xe 


imagination, Jet the ſucceſſive vibrations V, V, V, 


| &c, be repreſented by the equal lines A B, "BC, 
| CD, &c, and the middle inſtants of their 


pulſes 


(a) Sect. 111. Art. 12. (x) Def. 11. 
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pulſes (y) by the points A, B, C, &c; and the 
ſucceſſive vibrations v, v, V, &c. by the equal lines 
ab, bc, cd, &c, and the middle inſtants of their 
| pulſes by the points 8 
Then beginnin from two coincident pulſes 
at A or a, it is obſervable, that the ſucceffive 
intervals of the pulſes are alternately bigger and 
leſs; and that the Alternate Leſſer Intervals Bb, 
Cc, Dd, &c, or V—v, 2V—2v, 3 V—z v, 
&c, increaſe. uniformly, by the repeated addi- 
tion of the. firſt leſſer interval V—v, at every 
equal increment V.or.v of their diſtances from 
A. The alternate leſſer intervals are therefore 
roportional to their diſtances from the coinci- 
dent pulſes A, a. | 
I any aſſigned diſtance 3 V: V:: 20: 
: 3V—3v:rV—rv=dv, by the equa- 
yaa} whence 3 V: V:: 3V—3v: v; con- 
ſequently if the end diſtance 3 Vor AD be 
leſs than half the ſimple - cycle or period 5'V, 


the adjoining interval 3V—3v, or Dd is leſs 
than half v; but if bigger, bigger than half v. 
And the argument is the ſame in going back- 
wards from the two next coincident pulſes at U 
and , U and x, &c, their larger and leſſer al- 
ternate intervals being evidently of the ſame mag- 

nitudes as in going forwards. © 5 
. Now if the difference d=2, aul de | 
| length of the complex cycle be the line AU or 
a x=r V=ro+2 v, having divided it into two 
| * 


() Sect. 1. Art. 12. Y 
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equal parts AX, XU, we have the part or pe- 
riod A X= — v; which becauſe 2 does not 


meaſure 7 (2) conſiſts of a multiple of V, as 
AK, and a remainder K KL. 
We have alſo, by the ſame equation, A X= 


— ov, which becauſe 2 does not meaſure 7, 


confi of a multiple of v (one more than that 
other of V) as Al, and a like remainder 1 Ke 
So Tow: + 
Now the diſtances of the fucteliive * * of 
V from the int X are XL; XM. XN; &c, or 
V, IV, V, &c, and thole of the ſucceflive 
pulſes of v ah Xn, Xn, Xo, &c, or 4 v, 3v, 
zu, &c, and the differences of thoſe reſpective 
difttides: or the alternate leſſer intervals between 
the ſucceſſive pulſes of V and v, are Lin, Mn, 
No, &c; or —— V-, V. i, & 'S 
which increaſe unifoerply, by the repeated addi 


tion of V—oor . dhe flit and fucccoting 
intervals. 

Aſſign ny dne XL, XN, or V and 
W; then ZV: V:: z: $03; AV-: 
3b, "that is, XL: X N:: Xm: X:: Lim: 
No, or the alternate leſſer intervals are propor- 
tional to their A en * N 
e 


2 12 k 
* 
. P 5 5 7 _ 
3 : | ? a WES, : TEL 2 ow 
WY # # > 5 — * ; \ ; Ls Y 
4 "9 o A — . w | 0 B . : 5 . — : - 
* . . 3 
*g rf * 4 
7 4 y 


"a = t 2 ed wc Fool as SARS "ID 
T2, and fo the terms R, of the ratio V to v would 


* as they are ſuppoſed to be. 
| * 


G6 HARMONICS. seg. VI. 
: | Now any aſſigned diſtance V : - V: 2 — 
v: V4 7 V— u, by the given equa- 

tion, that 1s, es Vc: 3V—3v:v; conſe- 
_ quently if the aſſigned diſtance Vor X N. be 


pues than half the period V or half XU, the 


adjoining interval WA or No, is leſs than 
half v; but if bigger, bigger than half v. 

And in going backwards from X, the alter- 
nate leſſer intervals KI, Ih, Hi, &c, are re- 
ſpectively equal to Lm, Mn, No, &c, at equal 
diſtances on ch ſide of X. 


Fig. 25. In like manner if d=3, or — 
zu, having divided this cycle AU or ay in- 
to three equal . AX, XY, YU, that 


equation gives AX = 9 = V, which conſiſts of a 


multiple of V, as AG, and a remainder G X 
V (or 3V herrafier to be conſidered) _ 
GH, whoſe complement XV. 


The ſame period AX is do == Tv 'by 


the fame equation, and therefore contfſts of a 
multiple of v (one more than that other of V) 
as Ab, and a like remainder . „ 
whoſe complement Xi. | 
Hence So diſtances from X of the ſacceſ- 
oy Roe of V are X H, XI, XK; &c, or 
V, 3V, V, &c, and thoſe of the ſucceſſive 
pus of v are Xi, XE, Xl, &c, or zu, zu, 

F Kc. and * differences, or the — | 
er 
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leſſer intervals between the ſucceſſive pulſes of V 
and v, are Hi, Ih, K , &c, or V - , Vb, 
3V—zv, &c z which increaſe uniformly by the 


3 —30 
repeated addition of: V—v or = to the firſt 


and ſucceeding intervals. 

Aſſign any diſtances, XH and XK, or _ 
and TV; then 4 IV: 22 b, 8 22 W -u: 
W 2, that is, X H: XK: Xi: 277 : Hi 
K, or the alternate leſſer intervals are propor- 


tional to their diſtances from the 2 
point X. 


Now any aſſigned diſtance V: v: 3 : 
7 v : Vu: _ =V—z* V==V by es equation, , 


that is, W: V: : $V—3p : v; ſo that if the 
aſſigned diſtance 4V or X K be lefs than half 
the period - V or half XY, the adjoining inter- 
val SY —2 or K is leſs than half v; but if 
bigger, bigger than half v. | 

By doubling the period AX=AGH:V, we 
have AY=2 AG+3V= A N+3V, fo that NY 
is AV and its complement Y O=zV.. Agai 
by doubling A= Abu, we have A 


2 Abe Ap v, ſo that YF and its 
. T= ru. 


ence the alternate leſſer r of the | 


| pulſes of V and v, in going oppoſite ways to 
equal diſtances from & and from Y, are equal. 


And in going contrary ways from X towards 
A, and from F towards U, 1 * alternate leſſer 


intervals 
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intervals Arc W., 2V— f, V-Au, &c, 7 


vebich increaſe uniformly as before; and 2 


being an 757 diſtance from: X or 7; We 
have 4V : 1 zo! 52 vr: 1 17 
v==v as before. 80 that.if the afligized dans 
V be leſs than half the period — V, the ad- 
joining interval }V— is lefs than half v; _; 
if bigger, bigger than half v. 

Fig. 26. Laſtly when the period AX,=" V, . 
conſiſts of a multiple of V as AG and a re- 
mainder G V, which remained to be con- 


ſidered, its complement X H is=3V, and the 
demonſtration would proceed in the fame 1 me- 


thod as before. 


Whoever deſires a general proof of wn pro- 
polition for any value of the difference d, need 
only read the laſt example over again with a de- 
fign to make the proof general; and he will 


| - perceive that what has been ſaid of the number 
3 as a value of d, mutatis mutandis, is plainly 


applicable to any other value. Q. E. D. 


Corll. fimple b the 
pal of 3 — 3 of , 


the quicker than of the flower vibrations, as ap- 
pears by its equation, 5 Vu and the 


88 points X, Y, &c, always fall within 
ole values of v that are ſeverally contained 


within as many correſponding values of V, and 


r of tho poins in cach artec 
N Coroll. 


% a 
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ul. 2. The lee intervals tat lis neareſt 
to the periodical points and the points of coin- 
cidence, are leſs than any of the reſt and are 


and all its multiples, whereof the greateſt 
multiple 40% „ 5, DES when 


WI OO 
d= _ 33 1 1 . De y when 
n e e e 1248 280 
d=4; * | 


Coroll. 3. 3 of the oma; ae Here" | 


vals of the pulſes of imperfect uniſons, are the 


differences of equal numbers of their vibrations, 4 
counted from the neareſt coincident pulſes; and 


others are the differences of equal numbers of 


the ſame part or parts of their ſingle vibrations, 


counted from the neareſt periodical point. 
Cru. 4. I the vibrations of two couples of 
imperfoct uniſons, or of any two conſonances, 
| pals, ee the ig and cycles of their 
es, Whether ſimple or complex, WII be in 
the ratio of the homologous vibrations. 
Let F and t be the vibrations of one boa "oh 
ad V and v theft of the other; "and Gase T 
: Vir dn the cycles of their pulſes 
are LTH x and r V =rt+d x 2 and. the 
periods are © 71 . and V= v4. and 
are in the ratio of T tov, & of f to'y, 5 15 
. Corel. 5. The length of the period of the 
Leaſt Inperfections in any confonance of im- 
5 is the as that of the period 


Fl. AI. 


* 
WY | eq 

＋ 
17 3 


"i 
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Pl. XI. Fig. 23, 24, 25, 26. For uniſons are 
when their ſucceſſive pulſes are conſtantly 
coincident (a), and imperfect when the ratio of 
1 tie vibrations is a little altered from the ratio 
equality. (4) ; and then the pulſes are gradu- 
| aly „pl by Alternated Leſſer Intervals, 
which are the Imperfections of this conſonance; 
and ſince they increaſe in going from the begin- 
ning to the middle of every ſimple cycle, or 
period of the pulſes, and thence decreaſe to the 
end of it (c), the length of the — of the 
Leaſt ImperfeCtions of imperfect uniſons is plain- 
ly the mem as chat of the period of their apes 


PROPOSITION VII 


I tither of the vibration of imper fed? 
uni ſons and any multiple of the other, 
er any different multiples of both, 
' whoſe ratio is irreducible, be  confi- 
diered at the fingle vibrations of an 
zimper ect conſonance, the lengib of 
tbe period of its leaſt imper fectiont, 
will be the ſame as that of the pu 2 
of the imperfett antſons. 3 
Pl. XI. Fi 23, 27 Fir aan 1 45 
and ab be xe vibrations of * 
8 4 117 2 


1462 4 - 


one | 0) aii dab. 
(e) Prop. vii. 


Prop. VIM. HARMONICS. 68 
2 AB or AC and a6 will be the vibrations of 
imperfect octaves, whole" treble is one of the 

| uniſons, and whoſe baſe is derived from the other 

by intermitting every other TE of e, 

A, B, C, D, E, Sc. 

Now if theſe, odtaves were OF every. 
pulſe of the baſe would coincide with every other 
pulſe of the treble ; but here they are gradually 
ſeparated by ſome of the Wet leſſer inter- 


| vals Ce, Ee, &c, of the imperfect uniſons. 


The intermediate pulſes of the treble, which in 

octaves would biſect the intervals of the 
pulls of the baſe, are alſo gradually ſeparated 
from the round points -which biſect them, by 
the reſt of the alternate leſſer intervals of the 
ſaid uniſons. And thus the imperfections of the 


tempered octaves, or the Diſlocations of the 


pulſes in their ſucceſſive ſhort cycles (4), are 
every where the ſame as the imperfections of 
the uniſons, - and conſquently have ws ſame 1 
periods. 
| The-an mont is the fame if 245 or ac e and : 
A B be _ vibrations of imperfect octaves, as 
in Fig. 28; and alſo if any other multiple of 
AB or ab, as MAB or ma b, be one of the 
vibrations of the imperfe&t conſonance; as ap- 
pears by ſuppoſing m—1 pulſes of AB or ab 
to be G interiniteat as to leave only ſingle equi- 
diſtant pulſes in Fig. 23, 1 2 

Pl. XII. Fig. 34. Now let any different mul- 
e of AB and 1. as en 


(4) Defin, rv. Sec. a 
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AD and ar be the vibrations K ne 
conſonance; and if AB were b, then would 
| 3AB or AD be te 240 or act 325 and all 
the ſhort cycles of the vibrations, I D, as 
would be perfect, or their exterior pulſes G and 
„ N and u, &, would be coincident; as in 
Fig. 33 : becauſe 2 * 3 AB or 2 AD or AD 
+DG would then = en or 5 oy ac Tee 
Bos. 
* "yy AB in Fig. 34 b being gde Wan 4 65 
multiple 6AB- of 76 18 41 bigger than the 
equimultiple 64% or ag; and ſo the Exterior 
pulſes G and g, N and u, &c, of the ſhort cy- 
cles, which pulſes were coincident before, are 
now ſeparated by ſome of the alternate leſſer in- 
tervals, Gg, Nn, &c, of the pulſes of AB 
and ab (e): the diſtances of the pulſes G and g, 
N and n, &, from A and @, 9 7855 ere 
yoo of AB and ab. | 
For the like reaſon. the Intetior Pulte; 65t, 
& of the imperfect ſhort cycles are alſo ſepa- 
rated from the pulſes of AB and ab {denoted 
by round points when different from thoſe of 
AD and ac) by ſome of their alternate leſſer 
intervals. : 
Himes the dilloeations of whe pulſes i in alt the 
| imperfed ſhort cycles, are ſome of the alternate 
leſſer intervals of the pulſes of Ah and ab. 
For though we began the firſt ſhort cycle 
from two coincident pulſes A, a, yet the argu- | 
ment is the ſame if we HOI | them _ ] 
e 


0 Pro. vil. coroll. _ 
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phy anp one of the alteryate leſſer intervals; or 
begin to count the Mbrations of the conſonance 
from any txwyo pulſes of AB and 46, as Qand 75 
whole e e next periodical Ree or, 
1 coincident pu 1, are proportiqnal Ld 
the vibrations A, ah, that 5 J 
val Qz is an akernate. leſſer interval of. their 
pale (fs | 
For - ſince; y: Greral 1 yi QX . 7 55 
X and y e, A K and e d &c,. of the ſubſe- 
quent ſhort cycles, are proportional to, A B and 
1 ab, the remaining diſtances Xx 2 and J, & 
, 2 and en, KZ and ak Sc, are. allo, proportional 
to AB and ab; which ſhews that the diſloca- 
tions of the exterior. pulſes X and y, & and e, 
K and A, &c, and of the interior too, are con- 
ſtantly ſome of che alternate leſſer intervals o ß 
we ulſes of AB and 9b. And thus the period | 0 
Ke e . 1 
ae oonſonance, or of the leaſt imperfections 
in its ſhort cycles, is conſtantly the fame. as Pat 
of the: pulſes — AB and ab... 
Fig. 35 ſhews the lame thing, pon? 243 
. Fo, Z ab, or AC and ad, are . mul- 
tiples of AB and 4b, whoſe pulſes make long | 
fimple cycles; and when they make periods, the 
like is evident by inſpection the pulſes about 
the periodical points X, Y, in Fig. = 25, 26, 
ſuppoſing the Proper: numbers of pulſes to be 


And 9 the leaſt terms of any per: 
3 m and u, the 9 of im- 


Y Prop. vu. * „ x 
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A to 25 G in and 
ſonance of mab and 7 AB is —— flat by 
the fame ratio nA to mab of the vibrations 


1 e e 


perfect uniſons whoſe vibrations are A B and 
ab, will be changed into periods of the fame 
length of an imperfect ſharp conſonance whoſe 
vibrations are mAB and n Ab by intermitting 
mw pulſes of AB and'n—1 ihe of ab; or 

o equal periods of an imperfect flat uud 1 


1 whoſe vibrations are nab and # AB, 
intermitting 1 pulſes of ab and 11 pulſes 


of AB, ſo as to leave equidiſtant pulſes at larger 
intervals for the pulſes of the refulting conſonance. 
For tho ſome of the alternate leſſer intervals 


of the pulſes of the im uniſons are de- 
ſtroyed by thoſe i Peta - 209 the remaining 


pulſes continue in their own places and make 


periods of the ſame length as the Wes num- 
Pg ulſes did before. Q. E. D. 7 
1. With reſpe& to the perſeck a A 
94185 LE vibrations are AB, and n 4 B, 
the former — 1 conſonance of mA B and 


nab is tempe e e tempering ratio 
latter imperf fect con- 


B, ab of the imperfect uniſons, whoſe inter- 
al is therefore the temperament of both thoſe 
perfect conſonances.  - 0 
And the ſame might be faid with edel bo 

is other perfect conſonance of the vibrations 
ab and nab, whoſe interval is the ſame as that 
f the former perfect en the 0 ra- 


130 © Groll. . 


(2) Sec. II. Art 5 and b. | 


7 
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_ _:*Coroll. 2. The lengths of the perfect cycles of 
thoſe perfect conſonanccs - are 2257 4 and mnab; 
(becauſe AB: AB: : mab: nab; ;) 
and mn AB. being the Soo od of the two, is 
therefore the whole length of the imperfect ſhort 
cycle of either of. the foregoing e con- 

ſonances. 

Coll. 3. "Canſeuently the -im perfect ſhort 
cycle of any imperfe& conſonance contains equal 
numbers of the ſlower and quicker vibrations 
AB, ab of the imperfect uniſons from whence 1 it 
is derived. 


 Coroll, 4. The. fune: multiples f che vibra- ! 


tions of imperfect uniſons, will be the vibrations 


of other imperfect uniſons, whoſe. period is the A 
ſame multiple of the period of the given uni- 
ſons (5), _ whole interval is the fame too at a 


different pitch; t the 1 . vibra- 
| tony is * Nang Oh EL 


ST OY 


LEMMA. . 


fl XII Fig. 36. The STO — 
e a o to bo, c o zo: do, -whoſe | 


terms have a' common' half ſum, so, 
are very nearly proportional to the | 


differences of 1 he terms N each ratio. 


Fer i . r 
1 and cd, the G erencre of whole terms. And 


1 * el deſcribed with the center o and 
* os. M0. 727 * >: rectangular = 
= Prop VII. coroll, 4. 6 82a. 1. Art. 10. 


| 
1 
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rectanoular af tes's0, 09, cuts the perpen 
| teren e b, te in F, e, % g, b, oY 
| well known that the areas ab fe, cabs, arith- 
metically expreſſed, are hyperbolic | logarithms 
of the ratios ao to bo, co to do; ISEAN Ones 
logarithms are proportional to any other loga- - 
rithms of the ſame ratios. And thoſe” areas 
abfe, cdbg, differ very little from -the trape- 
ziums ab1k, rdrnm, cut off by the tangent - 4 
at the point ? in the middlemoſt p 
ts : becauſe the common baſes ab, cd, or FA 
ferences of the terms ao and bo, co and do, are 
ſuppoſed to be very mall in Lan to 195 
& terms themſelves. 5 2 
It appears then that the 10 ef ras 
tio 20 to 30 is to the oe £0 to do, as 
the area 2bfe to the area cdbg, or very nearly 
as the trapezium ab/# to the traperium cdnm, 
or (becauſe s ? is the mean altitude of both) as 
the rectangle under 46 and st to the rectangle 
under cd and st, or as 46 to cd. Q. E. D. 
Ceroll. 1. The loga s of ſmall ratios, 
@0 to bo, a0 to to, Which have a * | 
20, are alſo v Icom nod to — 
ferenoes of deen, but not ſo neatly as if 
; the terms had a common: half ſum. = 
Por the logarithms of the ratios 40 to bo, 3 
3 40 to co are — to the areas hf, urge, F 
. or very nearly to the trapeziums ab, acmk, or | 
| | to the rectangles under their baſes 255 ac "and 
| their mean altitudes, or nearly to the baſes thetri- 
= ſelves: becauſe the ratio of the mea Atitudes is 
= WE — bn e that of the gym 9 
1A 1 * +» Herd ,M 4 
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.- Corolle. 2 PL XII. 375 2772 The , logarithms 
of any ſmall FE S vo; : bo, co : do are very nearly 


| ab ca - 5 
in the ratio of = to®, or of - to =, cempound- 


ed of the dire: ratio. of the g enges gf the 
terms of the propoſed Tatio d. and. ts ere. 8 


| tio of their homol us FS ©: 
For ſup _ go, "hel 2 
have the ſame Ic 80 1 thin, ence + loga- 


rithms e "av : Bo, cb: do, 1 
N are a af to a+ by Wehr. , or ggg b 0 5 


or 2 \ becauſe ae: 7 N co by the juppoſtion 
Ile ſecond; 5 be Hove! in like, ner 
by takin ; 28 n 

N 5 an | 85 the terms rms of" ay 


«HF LIC DESTINY Init n ONE Þ 41 
5+£ 410i be raig who lo 
70 * nearly. 1 
Por the terms of both thoſe ratios have a 
common half ſam 6, and ſince g= and 
debe the; difference of the terms 4 and 4 


is 24, and that of the terms L % d 55 
0 "IVY 41 IQ 7h & N 39 a 
0 ence by the 1 Emma, "he the 


aA 


| . — TENN j | 
E Foe isto the logs of 's 751 W | 
- 1 * 2 78 ; 8 : 7 — 522 
20: "FR 72 2 i 4 
ier? 1 cl 0? arg Roled Is7595 
f N e 


* 


72 HARMONICS. Sea. vl. 
ithm 8 1 CON : er 1 zh l | 

1 n of a to. 1 * N , 
tos —14. 5 


Coll. 4, W do hl ales ed: 
portional to the logarithms of the ratios of the 
ſingle vibrations of the terminating ſounds (I), 
if any part or parts of a comma c denoted by 


Toa be the interval of imperfect uniſons, ihe 


ratio of the times of their ſingle en 
be 16 1 to 16.14. | 


For the comma c being the areal. of _ 
ſounds whoſe ſingle vibrations are as 81 to 80 (), 


by ſubſtituting 81 for @ and 80 for þ in the laſt 


corollary, we have 5 = == „ d= and +> 5 4 


0 — 54 — + 1 3 Re | 
7 2 

161 . che ratio of the ſingle vibrations 8 
longing * 25 60. 


m n 11. 8 8 ee 4 
(m) And converſely, if hb ratio of the times of the ſingle 
vibrations of imperfect uniſons be V to u, their interval is 


V 61 For Tappovng V+ v:: 161 +9: 1615, + 


7 and 9 being indeterminate numbers; or V=161þ +94 
and FEW then V-—v=29 and Pacer 0a | 
13 


— | 
an V+v© 1615 Whence hx x161 = ? 8 "1 the i in- 


terval belon to the ratio 16194 161 or V: v 5 
cel * . 95 2. > 


| Proge VA HARMONICS. 1 


This ratio approac es ſurpriſingly near to the | 


ls 2s will appear by an example. Let 
Rs or p and 9=1, then 161545 
— 645 ae —_ 


Ihe log. = =0.00539- $9339. 

ry 2 it 0. 00134. 8758,80 
dhe log: 2 = == 0. 00134. 87417 © 

 _ the difference = 0. 00000. 00163" 8 
ang. the logarithm 539. 50319 divided "LY 


difference 163 gives thequotient 3 39984, which 
ſhews that 5c bed Tron the _ 645:643 


aner from the truth but by — part of a 


SO 
comma; a degree of exactneſs abundantly ſuf⸗ 
ficient for every, purpoſe i in harmonics. 
Coroll. 5. The times of the ſingle vibrations 
of imperfe& uniſons being V and v and their 


interval 5e, V: v: 161 +9+ 1615-9 and 
che pero. uf their * Pilles is EL or 


— 1 


_ Likewiſe the Vibrations of cho impoſes 
bn being V and v' and their interral fc; 
V 161 1 N and — pou 
LAS I * 75 or LPT 


Gall 


0 See Seek 1. Dann, dens, wi 


"4 
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Coll. 6. Hence if the intervals of e 
fonances. of. unperfe&; uniſons be, equal, or 
g=q, the Per riods of their pulſes have * apy ra- 
tio of their flower or quicker vibrations, V to . 
or v to , Wiiieh ratios: ate therefore the 
fame (0). 
Coroll. 7, The Ultimate Ratio of the periods of 
imperfect umiſons is compounded of the ratio of 
their ſlower” or quicker vibrations directly and 
| a that of their e . e it 18 
Y to LANE 10 7 th 
g £1 9-89 . 
For Trpraſing 9th quengit ties 8 v, vin 
eoroll. 5: to be 333 increaſe to 12 


 Gnity in any finite time, the interrals g c, Fe, 
will decreaſe and yaniſh in the ratio df q.to 9 
firſt given ; the ratio 161 p—q to 16157 


will atfo decreaſe and vaniſh ir the ratio of equa- 
lity ; ; and thetetore the Ultimate Ratio with 


1 
2 
6 . * 
— wy — OI” ng d $ 
y +: ; a bl 2 
bo 7 wi 6 * 3. * * * 
- 
—_ 


given FREY and venithed. into ac 
| ſhort cyeles of Yor uniſon, is * to = wry * 


= a like argument, = = to 7. 5 * 
” Coroll 8. Hence 2 conſonances b 
1 perteck uniſons have a common ſound! or vibra- 
tion VV, or vu, the ultimate: ratio of 
their pers ny to 9, e ratio of 
eee, 


x This N with — e 996 (0 


% 
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intervals; and conſequenthy is che inverſe ratio 
% the differences of their vibrations ( P)- 
Coll 9. If the two” flower or the two 
quicker vba of two r of in- 
pero unions have the ratio of their intervals, 
; the periods of their pulſes are za cqual 
For if V: V“ 277 J chen - 2755 EIS, 11, which 


is the ultimately ratio of the _ and the 
a eee att tortbe dab v Wi 


AA 


era of beo founds i 
"= rurio is m 0 n, be increnſed ur 
amine ben "by 3c; and the times go Ehe 

complete vibr dane "of the buſe' and 
ireble of ' either "of of ibeſe 2 conſo; ances 
Be n period. 2220 

+ Imporſattions: S P, Then in | 
2285 Caf: 7, P Wb 151 K- "Tc © 58 tay + 


rn off ©) 1 Pry 6 r 1 * 5 
trol 0 aer der bs. 
2 Fl. XII. — oi: Bar: K V Fans 
* and v be the times of the Etomplete' 1 
imperfect utuſoris whoſe interval! is the tecmpe⸗ 


N rament c, then V: v: 161 : 161970 


and the period of their pulſes, or of their leaſt 

ie 3-30 20 011 ee 5 55 — 
el. x. and Sed. 1. A⏑¹ , 1 97t (3) 
7) Coroll. 4. Lan. : 
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inperteknons, is = V= Wa 8221 gy l and 


has che ſame length as the period of the leaſt 
imperfections in a ſharp conſonance whoſe vi- 
brations are m V and u, or in a flat conſonance 
whoſe vibrations are mu and V; both con- 
ſonances being derived from the perfect one 
whoſe vibrations are > mV and aV, or my. and 
nv (6). | 

Foe by Cal. + BY raking . 
we have 2 and =; which values being 


ſubſtituted for V and v in the period. of i imper- 
101 + 


we EN 
And in Caſ. 2. (Z ee ee eee 
minate) taking Z m and Z , we have 
v and==V; which being ſubſtituted for 
and Vin ch "H 
Wn morn BEL a. | 
The value of P in Caſe an is. deducible from 
its value in Caſe 1, only by, changing the ſign 
of q; that is, by ſuppoſing? c to be the nega 
tive-or flat temperament, as it really is when 
ge is the ſharp one: And thus one expreſ- 


ſion of the value of P might have. ſerved both 


_ caſes of the Sd but two are more n | 
for Ire. 


* . $ 4 a hy * > * [5 „ - 4 2 > — $4 * 3 I a 
7 % _ Pp 3 5 by 5 
1 +. + R F 0 1 


* * — 
n Y > 4 85 4 


* # wa Yo K {wid +46 7 


A $eQ. VI. ings 111. or + Cor. 5 Lemma. 
(s) *. VIII, Coral, . . kat „ oe) (0 


. aſt 2 mw Z br b the p haha N 9 
complete vibrations of their baſes, æ and 2 for 


| thoſe of their trebles, Le and : c for their tem- 


ky müder terms of me a OI the Ulti- 


7 o 7m 


GO 8 for the Ultimate ratio of the periods 


of imperfect uniſons in Coroll. 7. to the Le 


Coroll. 2. Hence when the temaperanients are | 


equal and the major terms the ſame, the pe- 


riods of the leaſt impetfections have ultimately 


the ratio of the ſingle vibrations of the baſes. 


Cyroll. 3. When the baſes are the ſame, the 
periods have ultimately the inverſe ratio 995 


the temperaments and major terms jointly. 


Coll. 4. When the baſes and major terms L 
are the ſame, the periods have . the : 


— ratio of the temperaments. 


When the baſes and temperaments 9 


are the he the periods have e the 
inverſe ratio of the 180 terms. 


Coral. 6. r 
to che trebles and the minor terms, only by 
reading trebles inſtead of baſes and minor terms 
inſtead of major; and then, as before they had 
e eee 


— 


: 1 2 1 "8 

. ö F SG 34:6 1 
* W 2 * : af 4 x 

Y, 7 


ments, whether ſharp or flat, or one of each 
n and m for the major, and n and 1 for 


or 8 


* > We proc ef e hrs bs 


— 
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Hamann e and ma- 
2 . 7.2: 2 stich : 


4 .FY ww 
Ys LIL a5 1 


PHENOMENA _ BEATS. 
If-o conſenance. of . two: ſounds be. uni- 


0 » form; wit hour any beats or undulations, 
_ the r1mes of he” Angle vibrations, of 
itt ſounds have a"perfet# ratio; but 
F it beats or undulates, the ratio of 
_ tbe; vibrations differs a-litile fro 
Perfect ratio, more or Jeſs according 
as Lad beats are AO or rat . 


ae the firſt and ſmalleſt Aring of a vio- 
loncello for another about as thick as the ſe- 
3 their ſounds having Saen the jm 
tre beat ſtronger and plainer. 
ſkrew. dich firſt: rol and While it ap- 
proaches gradually to an —— with the ſecond, 
the two ſounds will be heard to beat very quick 
at firſt, then gradually lower, and flower, til 
at laſt they make an uniform conſonance with- 
out any 2 55 or undulations. At this juncture 
either of the ſtrings ſtruck alone, by the 0 
or finger, will excite large and regula 
tions in the other, Phinly vidble to the eye; 


Which ſhews that the times of their” Engle” vi 
brations r 
Aker the tenſion of either firing a very ll, 
and their ſounds will beat But ho the 


motion 


(2) Seg. x. Art. 2. | 
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motion of one firing rack alone makes the 
other only ſtart, but excites no regular vibra- 
tions; à plain pr that they are not iſochro- 
nous. And while the ſounds of both are draw- 
ing out with an even bow, not only an audible 
but a viſible beating and irregularity is obſervable - 
im the vibrations, Me wa rage 
free and uniform. g 
Meaſure the length df: Aden 
* nut and bridge, and, when — are 788 
8 at the diſtance of ; ef chat 
e nut mark that ſtring with a ſpeck” of 
79H en placing the edge of your nal? onthe 
near it, and g it to he 


3 


the en, you Will hear an 
Par e G Veo, whoſe fingle vibra- 
tions have the perfect ratio ef 3 to 2 (% But 
upon moving yeur nail a little downwards or 
upwards, that ratio will be a little increaſed or 
diminiſhed; and in both” caſes the imperſect 
* will beat quicker or flower according as "that 
ratio is more or leſs altered.” 

The Fhænomena are the me en te parts 
of the ſtring have any other perfect ratio; ex- 
cept that the beats of "the fimpler concords- are 
plainerthan thoſe of the leſs ſimple and theſe 
plainer than'thoſe of the diſcords, which being 
very quick are not caſib diſtinguiſbed the 
nn e of 1 8 


2 Set. 1. Art. 7. f 8 


A 9 bas i Lacks 


LA CALLS „ 


e CTY: gr wo 


vo HAR MONICS: 


** 
uiform-than-any other, their beats are accord- 


ingly. more ſting, and are perfectly iſochro- 
nous when the blaſt of the bellows is ſo uni- 
form. as not to alter the vibrations of either 
found. . 

Beats pug si when every thing aſe 
is filent, are alſo pretty plain upon the harpſi- 
chord, ee While Fd ſourids are — 


| Quicker ndulations. are beets od. are re- 
markably difagreeable in a concert of ſtrong, 
treble voices, when ſome of them are out of 
tune; or in a ring of bells ill tuned, - the hearer 
being near the A or in a full organ badly 
tuned: nor can the beſt tuning wholly prevent 
that diſagreeable battering of the ears with a 
conſtant rattling noiſe of beats, quite different 
from all muſical ſounds, 142 1 
and chiefly cauſed by the compound ſtops called 
the Cornet and N and by all other 
loud ſtops: of a high pitch, when mixed with 
the reſt. But if we - content with compoſi- 
tions of uniſons and octaves to the Diapaſon, 
whatever be the quality of their ſounds, the 
beſt manner of tuning will render the noiſe, of 
their beats 8 if not — = | 
To: are the general E ee 00-0000 
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Fey ne = 7 
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PROPOSITION. Ker 


An imperfaft conſenance makes a beat i in 


the middle of every period of its leaft 
1 imper felt ions, and fo the. time between 
115 fucceſſroe beats is equal to the pe- 


55 riodical time 77 its leaſt imper fetfions. 


| Akin Fig. 23 to 27. 34, 35. Any firiiple 
cycle or any. period of the pulſes of imperfect 


uniſons, contains one more of the quicker than 
of the flower vibrations (x), and the ſhort cycle 


of any imperfect conſonance contains equal 
numbers of the quicker and ſlower vibrations 
of the imperfe& uniſons V). Conſequently 
after taking away the greateſt equal numbers of 
ſhort cycles, that can be taken from both ends 
of the ſimple cycle or the period of the 1 imper- 


fect uniſons, ſome part of another ' ſhort cycle | 


or two, as conſiſting of unequal numbers of 
the quicker and ſlower. vibrations of the imper- 
fect uniſons, will always remain in the middle 
of the cycle or period. And «his part, 6- fg in- 
terrupting the ſucceſſion © of the Bes epd 


wherein the harmony of the ere 


fiſts, interrupts its harmon „ 


which is caſted a beat: pecially as the inter- 


* is made where the thor Mlb on ned. 


ode. of 


Bj Pk? VII. coroll, 1. 1 R 
y 


** 
N VE Ke ** N 1 2 BE : N 2 b bs 
Prop. vIII. — yd DIDDY LAS.” 2 


; ve Py P * * = 
— F? 85 r — \ $2. 4d SY 2% A F 1 
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fide of it are the moſt imperfect and e 
nious. Therefore the time between the ſucceſ- 
ſive beats, made in the middle of each period 
or.fimple cycle of the pulſes of the imperſe& 
uniſons, or of the leaſt imperfections of . o n- 
ſonance (z), is equal to the time gf -this period. 
And the cauſe of the beats of imperfe& uni- 
ſons is a like interruption of the ſucceſſion of 
their ſhort cycles, in the middle of every period 
or ſimple cycle of their pulſes, where they are 
moſt impertect and inharmonious. QE. D. 
© Coroll. The time between the ſucceſſive beats 
of an imperfect conſonance is the tame, AS the 
RAR time of its Greateſt Impe ons. 


PROPOSITION Xt. > ar 
If the interval of two ſounds a 


Felt ratio is m to n, be increaſed or 
_ diminiſhed by the temperament 3c (a), 
and g be the number of beats made 
oy either of thoſe conſonandet while 
is baſe is making N, and its . * 
_ complete vibrations; then in 


04, , LT m N. or , 


dna. 4 ift nx, 0 Fe DM * 


F or if the time between the ſucceſſive beats 
of either conſonance be called P, and the Wr 


Hi} p 


(z) rw. VIII. (a) See Lemma Cor. 4- p · The 
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e vibration of its baſe be 2 and 


that of its treble 2; the time of their "beat 


ing and vibrating will be conſtanty meaſured 


by &P=NZ or Mz. Hence = or = 
and fince the time P is equal to the pe 08 of the 


leaſt imperfections of the loi (% by 


ſubſtituting its valües in ei Ix, we have in 


end E e448 * | | > 
Cal. 1 15 e Z . = Ea 2 0 > and bock 


e 1 1. 1 ay two. 


| Gratis have Z and 2 for the times of the 


ſingle vibrations of their baſes, & and S for 


| thoſe of their trebles, 4c and ge for their tem. 


ts, wheth fi t or ſha ne of 
ments, whether flat or ſha „or 9 
Hera dort, n and M for the 3 and 1 for 
the minor terms of the perfect ratios, N and N' 
or the numbers of complete vibrations made 
the baſes, and M and 55 for thoſe made b. 
trebles in any given time; the ultimate ratio 


| E. the numbers Of their . made in that 
time, will be g m N: N 987 N A | 


* . 0 2 vert; 


The Wander of + ce $50 ain wers 


8 


has been ſhewn before (c), and the given time 


being conſtantly N Z=N"Z'=Ma=M' 2 we 

have N; N.: 2 2. Which ratios conipound- 

NOR! qm PLES; bak + Tz. 
© — 8 *. (s) Lemma cor. 7. 
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| 8 M NM“ 2225 which! N 


Pouided. with g#: * give 2 e 
2 . 7 5 


EPL Gat 1 th te 
| are equal and the major terms the ſame, the 
"+ of the conſonances, made in a given time, 
have ultimately the inverſe ratio of the ſingle 
vibrations of the baſes. + 
. .  Coroll. 3. When the baſes are the ſam, the 
beats have ultimately the ratio of the tempera- 
ments and major . jointly: And therefore 
when the baſes and beats are the ſame, the tem- 
peraments have e the inverſe ratio of 
mme terms. 
=! .  Corull. 4. When the Na S's made forms 
| are the ſame, the beats have Egon the 
BE ratio of the temperaments. . 
| Coll. g. When the baſes and t ments 
1 are the ſame, the beats Have — the ratio 
N of the major terms. | 
=. Correll. ö. All theſe corollaries' are applicable 
do the trebles and minor terms, by reading tre- 
Per inſiead of baſes and minor terms inſtead of 
and then they have no dependence on 
1 and major terms, as in the former 
caſes they had none upon the trebles and minor 
terms: which abſent terms may therefore in both 
_ Cafes have any magnitudes IA * al- | 


1 
14 


— 


3 5 ratio 2 POS. 5 h 
: | 0 5 
— ; : T * *% % 5 *. * 4 . * 1 1 * Nn 
— | . | ö ö — A * . 
% Do b * * * CF $5 6 8 * * * * ? ; + 
3 i 
ay s #1 ; 
naE * = ; j OY bs F 5 
r . oz ; : 
# 8 * . — 
4 1 { } ot} © j 
. Sit 5 ig Sx 4 ; 


p. XI. 
+ Caroll. 7. 


8 rin, we hare in | I 
Cal. 1. Z 8 e : 1 K. 1 


. 


Caſe 2. Zi Se . m: 1 * N- | 
For by the Prein Ca I. Free 1A whence 


Fen FER % 161 p—q and compoſite 1 
a 3 161.4. either of which 
3 being the tempering ratio and m to n 
the * one, the imperfect ratio is plainly 
1 N 1 Z 12. And a like reſolution of 


the other values of Bi ur Ow” : 0 0 27 Ses 
the oo E c r 0 


1 


%s * » — 


wel 
2 * 3 1 W » 4 2 


* * ©, L a” hab” * Se ns Se > 
* 


* 9 13 of N : 
N — 4 3 1 J. 3 ©Y; 3 4 
2 KE 8 * . #*% : 7 
2 13 18 . Scholjums FER 485 * 5 Rs 
% 4 0 
: $4 4 


. Fa ſhow ** the F ratio 1 9% the. 
Beats or the periods of imper felt: con- 
* ſonanices, "when ſed inflead of the 
exatt ratio, can produce: 1 Ha, 
4 ee in the. Harmony. 


5 {x mv 4 —* 
4. D 1 Aan 1 * ROY. . 


kee 25 any two conſo- 
enden the difference between 


5 F 3 For 
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fine thai ratio compounded with the exact ra- 
tio of the beats, which is - 122 ty AR (a), 
makes their ultimate ratio q NS nl N. (e). 


2. Now the magnitude of the ratio 1614 Fg 
to 161 %% 9, like that of all ratios, being 
greateſt or leaſt according in tho Gilles of es . 
terms is greateſt or le oportion, to the 
terms 3 it will Elo ow, that in the 
moſt harmonious ſyſtem of ſounds hereafter de- 
termined (J), the ultimate ratio of the beats o 
any two coricords cannot differ from their exact 
eee 3623 ine 
be ban 2901 to 2900. 

For the temperaments ap Fa ap rw! 


concords in _ ſyſtem, have, no other 772 5 


| or 2901 to 2900. 3 


Hence the n 8 either term 
of Ls ultimate ON ſyſtem, "cannot dif- 
fer from the number of them in th „ 
ſponding term of the exact ratio, Abe © ITE 
"PREM 11 "that 5 TT” . © mp4 


T* £3 Gs hot 2 
: + 70 f 
3 9 "$4 4 


* 
„ 
44 


Ww > . - 
1 17 1 * 5 I” Fo TY ; 77 193 1 1 x 
4 . n 
Proj A. . | 5 : be? 


Fol Prop. x1. cor. 1. W 2 1 [07 02 
hana xvI. Sant a Art a vir 
67 7; 576; dende 
* 6 #1 : 
IK 8. 1 
% 
i 


1 4 i | 2 2 2 
4 no 
361. a B | 
yy 
' i 
%s 


| a 8 þ 1 * { "ST 1 ws EL 4 1 — 4 is 1 bay F 
. Y > 5 a * 
2 2 
For 16. Ab "OY We ul 


| 9 the 'correſ SHE rats by che 


hs gel aa : 


pri 6 6514. 5 Then by 
Nee 1 ig the 


Kacke Leda fatio is 3514 5 452% that 


to 1 br A e to. e. 


3 or any bebe 


8 ae ln den n le t the {ele 


of à good Ot gan, Tabs his dee Baſe ad diffe- 


rent trebles ; . ſupp! ſe them {6 nicely tein- 
ed, that ir 4 gen tlie one of the vi 
thall make 362 beats and the other 361. This 


indeed is extremely foul, " the 
numbers of beats being ſo large. But uppo- 5 
fing it done, my d is (Sein my own yy 

m 


perience int fradller” numbefs) that 41 
critical ear o, net diſtingüiffr the Tealt diffe- 
rence” in the hafhνονοςôf thoſe Vas, of in” the 

rate of their beating :* f not if che "ratio" of 


the beats were much greater than 362 to 361: 


And if it could not, Wichent doubt the theory 
of ultimate ratios is ee Mee of th for - 

termining and -adjuſtin armo 

beft Ste of ods. Because! it Will b 

hereafter, that the beſt me 

ſyſtem, is to adjuſt every. vn to the number * 

beats ie ſhould fake ir that f 5 

Fi In leſs Rartnoficus fyſteris, el difference 
between OREN Ps — ratio is ſorne- 


25 
734 > * , 
8 


vod of 2 — any 


* — — —— — = 
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thing greater chan 362 to 3613; as 3222 to 

3214 £ the ſyſtem of wn tones (Fr bu Z 
ſtill not ſo great in any tolerable. ſyſtem. as; to 

> affect the moſt critical ear: and what has 

proved of beats holds true of Periods, the ratio | 


of the periods being the inverſe ratio of the 3 
numbers of beats made in any given time. 


6. Therefore the ultimate ratios bf beats a 
periods ought to be uſed in harmonics, | 
terms being always ſumpler than thoſe of - 
exact ratios, as appears by comparing. Frop. Ix _ 


and x1 with their corollaries. _ 
FE inſtance in the ſyſtem of equal harmony, 
temper: ament of the vu is c, and of the 


vin is is 2, „ whence EST MY ſame 5 


the RE. ratio of their beats, made in any 
given time, is 3614 to 3622 by Prop. xi; but 

| D - 
which is ſimpler, and the PAR anc * Coach * 


Yor not 8 8 en G 
8 Fa : $8 SELL) f 
Wide Sellin * 3 


5 To Boy's hat the thery of h "a Ah 


With e . 


A 3 Pl. 1 I. Fig 3. 8 9 time 
of a e 0 ** AD gran W 2 
in 


. — — — — 
— — —— — — re nee 


1 eo] ny: . a bi 16 TICESD 35 bw 
c Prop . 2. de che | 
) * 4. of theſe. | 
1 0 
22 
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into 1 


that of the given ſound, Which changes: cher 


1 XII. * Tel 

|. Then i the found whoſe ä * he 
» little altered to y either higher or lower, the 
numbers of beats made in any n 


the ſeveral imperfect conſonances of 3 
every one of the other ſounds; will be 


"60005 to the eee ee he their. my 


© For when: 1 is Rings PP c, all the SR 
Tore e are increaſed by the common tempera- 


ment 72 0 in Prop. x1, where in Caſe 1 


the numbe * beats made by any given conſo- 
_ Hance * wh 


} 9 1 q i. * 2 — IS &% 12 N 


deere de s 7. enn diminiſhed by cy, in 
Caſe 2 the number of gt of any given con- 
HO Fe, is, pole 5 18 


Pad 
N 


eee i 
„ Wy ee e and f, 
being the ſame in both caſes, the bn afth & 
are to thoſe of  B as n to u, that is as the ma- 
E nen ee l 


2 1 * 
1 — 1 
* * 'T 8 * 4. x] *q 4 4 2 7 * 10 
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to 5d, is to the minor term 15 cf the pe 
ratio 15 to 16 belonging to B; and thoſe 
terms are the Denominators of the exponents:of 


A and B, the treble of F 


of the latter conſonan ge. 


And ſimce the beats of y A and Sas 
9 0 N and by the fae demonſtition has 
of B and e as 15 to 5, ex quo the beats of 
5 and ye, having the ſame ba ; are an 9 to 53 
which teres are the Denoininators of the 


And by the like proportions the ben c 


ü 7 B. y A, which have, the ſame treble, are as 


15 to f, the Deno ators of the exponents of 
| as 4 B. A. 8 hy 
by And a ny ys hater 


Fa i . 
A 4 Yee 41 144 


2 2 2 CA b of Fatt 


e exponents of the ſingle ERIE of ſac= 
ceſſive viii, and are . deduced 1 
the exponents of the baſes of as many 
cops: AC, AD, AF, ACk, AE, 15 


„Hence in Tab. 2. the dean uu che ebe 
; | iti ity baſs and 


| with * 8 below i it and as many den above 


it 


* 
4 8 p ; 
j 3 : 8 
0 * 1 
N a 
| , | ; 
N 1 RO 4 : — 
. . . k | WW 
Wa 4 c 


— from à continual 

Numerator of its exponent, Oe A 
nous. But the beats which: that. _ makes 
aly doubled in any giv th time. 4 


For che major term of the arfelt b. ratio of 
any Minor conſonance is an Even number (i) 
and is the Numerator © 5 exponent of its 

baſe (that of its treble being reduced to 1) 
and when that numerator is —— to àn odd 
number by continual biſections, this odd num- 
ber is the conſtant numerator of the exponents 
9 the ſuperior 8%, whoſe | denorhinators 
therefare be continually doubled; which: 
_ doubles the beats by Art. 1. "Butithe doubling 
the numerators of the exponents of the inferior 
8% alters EA their given denominator,” =» being: 
an ga number , Nor e 3 8 
(7) Sea. 2. Art. 1. Table. 3 8 


| 
| 
N 
N 
. 
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Tab. 3. The beats which the treble of any 
imperſeek Major conſonance, AC% AE or AFX, 
makes with its baſe; in any given time, and with 

every 8% above it and as many 8 below it as 


reſult from a continual biſection of the Deno- 
minator of its exponent, if an Even number, 


are continual proportionals in the ratio of 
2 to 13 and the beats of that treble with every 
8% ſtill lower are iſochronous. But if the De- 


| nominator of the given baſe be an odd number, 


the beats which he treble makes with it and 
every or Wee! it are all * 


A F 

n 4% 'D * A B. 1 3. 
7 

CCC 

. 1 4 LEM 

2 3 © | £% E & 
6 | | 
| 1 n 


. * Y 4 
1 2 ' * : - 2 F 
* " oy — * 4 5 1 „ 
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A 3 ee ratio 192 
_— conſonance is an Odd number (T). 

e Numerator of the exponent of its baſe 

. of its treble being 1) and its denominator 
N doubled ver, — ſaccefſive deno- 
* 


— 

Ty 31 8 * * a4 
. 7 
14 


it be reduced to an Odd Ni 


— 
i be 


minators of the exponents of all che aſcending 
Jas, and continually halved, if it be an even 
number, gives thoſe of the deſcendin Ja, till 
nber; which con- 
tinues to be the — bf all the expo- 
nents ſtill lower. But if the Denominator of the 
given baſe be Odd, it is itſelf the denominator of 
the exponents of all the inferior 8. qo para 
the law of the beats is evident by Art. 1. 5 
4. Tab. 1. 2. 3. Hence any two im 
conſonances which compoſe a perfect gb, will 


beat equally quick, if the minor conſonance be 


below the major; but if the minor be above 

e ee, eee ee 
: the denominators of the exponents of 
the. baſe- and treble of the gü. being equal in 
the firſt caſe.and as 2 to 1 in che ſecond... 


5. Theſe examples are ſufficient to ſhewy the 


| agreement of the theory of beats with the eaſieſt 
experiments, as requiring no more to be done 


in many inſtances than to examine by the ear 


whether the ſucceſſive 8, as A, A, a, 4, &c, 
throughout the ſcale of the organ or harpſichord 


be quite perfect, and if not, to make them ſo. 
For the confonances which compoſe thoſe 8b 
| being made impe rfect, as her walls are and 
_ ought to be, 85 ear will judge very 1.55 Whe- 
ther che beats of ſuch concords as by theory 
"ought to be iſochronous, are really ſo or not 


when ſounded immediately after one another. 


6. Theſe experiments attentively tried will 


| be Lie in ſome r upon a ſingle ſtop 
of a good * — very pla uy * IN 


| HARMON WU wu 
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E 


the 3 of a good organ; where the 
nw 6s the fnpler concords about the middle 


given length : and if the blaſt of the tells 


nearer to perfection by the iſochronous beats of 
h minor and major concord which comp 


rene n criti- 


XI 7. Pl XII. Tabs 1. Of ——— TA 
hand: common ſound and a common: te 


Scheler, EY . e 
. 9 ee and Mr. la ads are mY 0 
| writers IT know of that take an notice of the 
TT cauſe of the beats 01 Honſonances. 
Sauveyr imagined that they beat at &VET 

GE” of or 


þ cOIN- 


1 Gs 2 N — FUR | 


I 


. 1 4 2 58 94 OJ $715; $ 


8 8 aff theſe.” 160 Set. 1 11. Ae ce So 
) M. Samueur ayant cherche la cauſe de ce 8 5 | 
Mr, a imagine ayec une extreme vraiſemblance, 55 
= des: deux * N G0 avoir Plus ds” 2 


12 Tal 1 ; „ 
: * 85 
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la dif the beats pretty yell when 
es benen ogy than 6 in one ſecond, 


2 9 


and fill, be WH, when, they went doe, he 


concluded 


e en em at all 
when: th N wore uk than. at that rate (o) 
ant DI he: Ine ene, 8 
imple concords e vibrations coincide very 
often, are agrecable and pleaſant becauſe their 
beats are too. quick. to, be diſtinguiſhed, be the 
Pa of the ſounds ever fo low; and on the 
contrary; that the more complex conſonances 
whoſe vibrations . coincide. ſeldomer, are diſa- 
be Ot becauſe we can diſtinguiſh their low 
ts; Which diſpleaſe the ear, ſays he, by 
5 reaſon of oe egy ye ſound. Ns And 


Y - My | Ai e 
quand 1 ae apres a avoir r 668 quelque temps ſe- 
ces,. venolent à ſe reunir et &accordoient à —— 

| Ferellie d'un mẽme coup. SN de Acad. e np 
SGScienges, aus 1700, . Pag- 374 0 mat e | 

e Pane dans tous les accords al. les vibrations, ſe New 

contreront, plus de 6, fois 2 ſeconde, on ne ſentira point 
os Hens vet on. les. ſentira au contraize avec & autant 
Ng c faci ite que es vibrations. 15 TERFRN(eIont mains 


de 6k ois par ſeconde, ibid. 
5 jo 7 Pas, a] elle Td 


$ battemens ne 
V egal du ſon, et l' on peut croire avec beaucoup des 
Parence, que ce qui rend les octaves i agreables,' E 


qu on n 7 AI 4 2 * be 777. 
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concord at a high one, it beats ſenſibly at the 
former pitch but not at the latter (). F 

2. As Mr. Sauveur appeals to Keds, let 
us ſee what evidence they produce. The tones 
and ſevenths majon and minor being diſcords, 
muſt beat flower than 6 times in one ſecond 
by his own hypotheſis. Then let them beat 
but 4 of 5 times, and it will follow that the 
major Iv® and minor Fu cannot beat We once 
in a ſecond. 0 9 

For the lengths of the 6 E perfect 
conſonances to a common baſe, are propor- 
tional to the leſſer terms of the ratios af their 
vibrations (7), which being but 8 and 9 in the 
former diſcords and 32 an f 5 in the latter (5), 
ſhew, that the latter muſt beat 4 or 5 times 
flower than the formier, that is, as flow at leaſt 
a a clock that beats ſeconds. ; 

But in ſounding the latter diſcords upon an 


1 o Harpſichord or Violoncello, even at a 


low pitch, I find their beats are ſo quick that I 
cannot count them; or rather they do not beat 
at all, 232 r confonances, but only 


(2) En Fr cette idee, on trouve que les accords 
dont on ne peut entendre les battemens, ſont juſtement 
ceux que les muſiciens traitent de conſonances, et que 
ceux dont les battemens ſe font ſentir, ſont les diſſonan- 
ces; et que quand un accord eſt diſſonance dans une cer- 
taine octave, & conſonance dans une autre, c'eſt qu'il 
bat — Pune, et qu il ne bat pas dans Tautre. ibid. 

ag. 177. 
A. wx + Sea. 111. Att, 1 F 
s) Table of erde ratios, Sed. 2. ED . 
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flutter, at a flower or quicker rate according 
the pitch of the funds, wy 

Ihe truth is, this gentleman tba the ] 
diſtinRion between perfect and imperfect conſo- 
nances, by 1 erfect conſonances (7) 
which beat becauſe the ſucceſſion of their ſhort 

les: is periodicall confuſed and interrupt- 
203 with 9 ones which cannot beat, 
becauſe the ſucceſſion of their ſnort nr is mou 
yer confuſed nor interrupted. -  .* 

3. The fluttering roughneſs hora 

is perceivable in all other — conſonances, 
in a ſmaller degree in proportion as their cy. 
cles are ſhorter and Gon: pler, and their pitch. 
is higher, and is of a different kind from the 
{ſmoother beats and undulations of tempered 
e ee becauſe we can alter the rate of 
the latter by alterin the temperament," hut not 
of the para — being perfect at 
a given pitch: And becauſe a judicious Sar can 
often hear, at the ſame time, both the flutterings 
and the beats of a tempered e ſufft⸗ 
2 een e e 5 


31 = 
4 


e 0 SiS Selellum 1525 {EELSEEL 
Fe: , Kn es pered ſyſtems. 8 EA Wy 
ſingle vibrations a moſt of the Se are 

Incommenſurable quantities, AE? 
G 


5 Memoires de VAcad. 1701, Syſteme, general, Sect, 


KIT, maniere de trouver le ſon fixe. Aa 870. 
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In the ſyſtem of mean tones, for inſtance; 
che fingle vibrations of the 1 which ter- 


e bd A in the ratio * f. 5. to 2, 
e ſu ate to 4, as the mean tone is 
half the 111d. ker the ge ſingle vibrations, of 
ver tempered by a quarter of a, comma,! arg; in 
the ratio of * 5 to 1, the ſubquadruplicate of 
5 toil, we of interval of the vd ig 4 quarter 
of .the Xvi or 2111 + m: | For as * r 
* 4 * IS * , to V.+V +V+V —C="XVIF; 
whence V V- NVA KVA 
XVII. Laſtly the ratio of the vibrations of two 
wer rf e u vs e in comma, 


is Vir to y/ 80, or y/ 3x3) 3 3 3% 2K 


4 11 1044 " 


2x2%5, Or,3 to 2% 51 and-conſequently the 
ratio of the vibrations of any conſonance tem- 
pered by a quarter of a comma, is alſo incom- 
menſurable, as being co compoſed of the ratio of 
the vibrations of ther perfect eonſonance, and 
the ratio of the ſingle vibrations which damm 
nate its temperament. t. | 

The ſame may be fad of arip Pn (ks. 
nance tempered by any aliquot part or parts of 
a comma; whoſe vibr. ations are always i incom- 
menſurable, becknſe 8 i and 80 are not equal 
29 75 of any two numbers whatever (x). We 

may C conclude then, that 'in tempered. ſyſtems 
the vibrations of moſt of the conſonances are 
incommenſurable. 8 


_ oe 2. Now 
PLD To fy," | 7 


p \ * A * . * * 3 5 . 7. ; Z Li. . q 
9228 10029 ne e. 1 | , g 


we 


0 See coroll, Prop. 2. vin. "Elem, 154. 
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"306: Now if the agreeable. ſenfation of conſo- 
nances; according to the received principle in 
Harmonics, Fee e reſult of the frequent = 
cidences of their pulſes, — n 
more or leſs agreeable-accor 

dences are more or leſs —.— all — ol 
nances in tempered ſyſtems, whoſe vibrations 
are incommenſurable, ought to be the greateſt 
diſcords in nature: it being impoſſible — their 
pulſes to eoincide more than once in an infinite 
time. For às no two numbers how! large ſo - 
ever, cam expreſs. the ratio of ſuch vibrations, 
fo no multiple of one vibration can ever be 
equal to any multiple of the other. And yet 
| e ſhews chat ſuch conſonances are 
much more e than perfect 2 
| whole pulſes: es erg often; 0005 1 


— 8 


We may approach indeed as near as we 
leaſe, and certainly much nearer than the 
ſenſe can diſtinguiſh towards the exact mag- 
nitude of an incommenſurable ratio, by the ra- 
_ fios of whole numbers; but as theſe will grow 
larger and larg without bounds, ſo will the 
time Furs f ſuoceſſive coincidences, or the 
length of the approximating cycle of the pulſes: 
hath F hes the: other of the me 
commenſurable vibrations multiplied by the he- 
terolagous term of the approximating ratio. 
Let any man tell us then where we may ſtop, 
and which of thoſe cycles. it is, whoſe repetition 
excites the determinate Tm wn of the con- 


roo HARMONIC. Ses. VI. 
3. The like difficulty occurs in approaching 


Ily even to a r ratio of the 
vibrations of any perfect conſonance. For if 
either of its vibrations be pretty much altered 
at once, and then be made to approach by de- 
grees to its former length, the terms of the ſe- 
veral approximating ratios will grow larger a 
larger without bounds and in regular order, 
except when ratios occur whoſe terms are re- 
ducible; and the cycles of their pulſes will ac- 

be longer and longer and their coin- 
id fewer and fewer without limit, thoſe, 
interruptions excepted; and yet the conſonance 
will grow better and better by regular degrees, 
till it arrives at perfection, as is certain by expe- 
rience. For inſtance the ratios 30 to 21, 300 
to 201, 3000 to 2001, &, approach ; nearer 
and nearer to 3 to 2, and the v. whoſe vibra- 
tions are in thoſe ratios: grow more and more 
harmonious, though eee of their pulſes 
lon r and longer to infini kei ch Jo oli 
pee 17 is therefort impoſſible to account 
for the phænomena ef imperfect ; conſo- 
nances upon the principle of; coincidences, 
which indeed is applicable bs: none but 
ure ones. een at Dr. Wallis 3 * 
"A 


_ It bach 8 lon — 92 3 . Wee is 
no ſuch thing as 4 juft | emitone practicable in muſic, and 
the like for the diviſion of a tone into any number of equal 
parts, three, four or more For ſuppoſing the propor- 
tion of a tone or full note to be as 9 to 8, that of the 
a muſt be as * 9% Y 8, thatis as 3 to 0 8, 


ö 
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Mr. Euler (2) and others diſapprov ve incommen- 
ſurable vibrations as prac and inhar- 
monious. 
. But ſuppoſing the vibrations V. V | of im- 
feet uniſons to be incommenſurable, or 
ity þ ; / $; and x'to be an indetermi- 
nate 35 ＋ and V: &: : : u, and the ra- 
tios of the indeterminate numbers m, u to ap- 
proach gradually to the given ratio of Vp to 
VI, though the length n V, m x, of the 
indeterminate cycle of the pulſes of V and x, 
increaſes EN bounds, nevertheleſs the length 


V. x, of the indeterminate period 
of 3 gradually to a determinate 


AE IV bes Bn 
limit , = * And this is the 


period of the pulſes of che incommenſurable 
vibrations V, v, which excites the determinate 
ſenſation of The imperfect uniſons, be the com- 


plex cycle of their pulſes ever er infinite 
or * | 


0.3 e . 


or as 3 to 2 ty 2, which are incommenſurabl quanti- 
ties; 3 and that of a quarter note as +, 9 to © 8, which 


is yet more incommenſurate ; and the like for any other 
number of equal parts: which will therefore never fall 
in with the proportions of number to number. Upon the | 
zmperfeftion of an Organ. Phil. Tranſ. Ne. 242, or 
Abridgm. vol. 1. p. 705. edit. 1. | | 
(z) Denique * nullam ſonorum rationem rationale 
præter octavas, hoc genus [muſicum] harmoniz maxime 
cContrarium eſt cenſendum ; etiamſi hebetiores aures diſ- 


crepantiam vix percipiant. Tentamen nove Theorie muſes 
cap. ix. ſect. 17. Petropoli. 17 39. | 
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1 fp determinate ſenſation:, For the 
alternate leſſer intervals of the pulſes i in the 
ſeveral ſucceſſive periods of V and v, even When 
commenſurate, are not preciſely equal (a), yet 
it is highly probable that the ear could not 
diſtinguiſh a repetition of any one period from 
the ſucceſſion of them all, and ſeems agree- 
able to experience in obſerving the identity of 
eto dad unperielt uni held out Tito on. 
6. For further Wuſtration Leith add. an ex- 
atuple/aritwo. 'We ſhewed above that the vi- 
brations V, v of the mean tone are as 
22. 23606796 & : 2 m n. 
Whence the length of the period of te yo 
of : V and , is — 5 I = 


8.47213 & ; which is a medium between 
8V and gV, the cycles of the pulſes of the 
major and minor tones, ſomething leſs than the 
arithmetical, or even the geometrical mean, but 
not quite ſo little as the harmonical mean be- 
tween them (607. 

Again, when v and v are the vibrations 
of two ſounds whoſe interval is a 7 


of a comma, we found V: ©: 3 2 5 or 
2. 990697 56 & :: ; whence che pe- 
riod of the pulls of V and v . 


2. 99069756 & N. 
ee x V= 321-4960 & xV. 


Or 
KC Coroll. 2. 3 7 7 
5) See Sect. VII. of. 11. 7 
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Or thus. In approxitiating owards the ratio 
of V to v, or 3 to 2.7 5, or 3,to 2. 990697. 
or ,3900000, to 2990697 by ſmall numbers (c), 
the ratios greater than V to v are 322 to 321, 
967 to 964, 1612 to 1607, .&c. Whence the 
cycle -321V and the periods 321% V. 321, 
&c, are all too ſhort. 

And che ratios leſs thin;Vitam;being: 323 to 
323, 645 to 643, &c, the cycle 322 VZ and pe- 
riods 3a 14 V, &c, are all too long. There- 

e the true period falls between the laſt 
mentioned limits, Maia AWE thro 
putation.”. lb 

From what has been fad of im um- 
ons the difficulty vaniſhes in other imperfect 
conſonances, by obſerving the reduction of the 

periods of their uriperſocions tothe of: 3 imper- 
tect uniſons, as in Prop. vim. 
7. If. the iſichrvndus vibrutions of contiguous 
parcels of air, excited: by: different firings, cans 
not be reduced to a fynchroniſm by the mutual ac- 
tions , the particles, (as I think tbey cannot,) 
it will follow that coincident pulſes are not ne- 
 ceſſary. but hang accidental tu a perfect con 

For while; an imperfect conſonance is found- 
ings! if ah ratib of the jay iy ws yp ie M 
fect, as in tuning a muſical inſtrument, from 
the inſtant of this change the diſlocation of 
eee will continue unal- 


© See Mr. Cites's Harmonia Menfurarum, Prop. 1. 


Schol, 3. 
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tered in all the ſubſequent. ſhort cycles; and 
thus the conſonance is perfect without any coin- 
cident pulſes, unleſs when the change of the 
ratio happens at the inſtant of the coincidence | 
of: two pulſes. | 
8. This however frets indiſputable, that coin- 
dbu pulſes are not neceſſary to ſuch e as 
the ear judges to be perfect. 
For if any long period Cimperſe 805 in- 
tercepted between two beats, be lengthened greatly 
and indeterminately, as in tuning an inſtrument; 
any given part of it, as long as any muſieal note, 
will approach indefinitely near to perfect uniſons; 
certainly nearer than the ear can diſtinguiſh, as 
often doubtful: of their perfection. And 
yet throughout that part (fu to be ſmall in 
| era to the thao — the pulſes of 
ene ſound divide the intervals of the pulſes of 
the other very nearly in a given ratio, of any 
determinate quantity between infinitely great 
and infinitely ſmall, in proportion to the di- 
ſtance of that part from the periodical point 
or point of coincidence. Nevertheleſs the ear 
cannot diſtinguiſh any difference in the har- 
mony of ſuch different parts, as is evident by 
often repeating the ſame conſonance, which 
can hardly begin conſtantly in the ſame place 
of the 24 g period. And the ſame argument 
is applicable to any given conſonance, as 
formed by intermitting a proper number of pulſes 
of each ſound of the * uniſons: and 


Jou 


* ” 
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the concluſion ſeems to be confirmed by the 
following experiment. Fx DO | 
9. When any ſtring of a violin or violon- 
cello is moved by a gentle uniform bow, while 
its middle point being lightly touched by the 


x 


finger, is kept at reſt; but not preſſed to the 


fingerboard; the two halves of the ſtring will 
ſound perfect uniſons, an eighth above the found 
of the whole; and will keep moving conſtantly 


Becauſe the tenſion and ſtiffneſs of the parts 
of the ſtring on oppoſite ſides of the quieſcent 
point, compel them to oppoſite and 2 
nous motions, and theſe parts compel the next 
to the like motions, and ſo on, to the ends of 
the ſtring. Hence, becauſe theſe oppoſite mo- 
tions of the halves of the ſtring communicate 
and propagate the like motions to the contigu- 
ous particles of air and theſe to the next ſuc- 
ceſſively, it follows that different particles of air 
at the ear, placed any where in a perpendicu- 
lar that biſects the whole ſtring, will keep 
moving conſtantly oppoſite ways at the ſame 
time; thoſe particles, which received their mo- 


tion from one half of the ſtring, going towards 


the ear, while others are returning from it, 


which received an antecedent motion from the 
other half of the ſtring: Or, in fewer words, 
the ſucceſſive pulſes of one found are conſtantly 


biſecting the intervals between the pulſes of the 
other: And yet the harmony of the uniſons is 
e perfeciiy 


I 
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the other, af true, 
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perfedtly/agreeable to the car, as I hive mT 


enced. 
10. And in ſo rare Mt! Haba e dee 
the! intervals of the particles are 8 or 9 times 
greater than their diameters (4), there ſeenis to 


be room enough for ſuch oppofite motions. with- 


ö — eſpecially as e ſee the like 
ure really p ed in water, which 
* ſpace contains 8 or hundred _— 
as many ſuch particles as air ” Joes:(@) * 4 
when iti rains upon ſtagnating water; the circu- 
lar waves propagated from different centers, 
appear Db and paſs through or over 
each other; even in op e directions, without 
any-vidibleialteration-in their circular figure, and 
me _ n nn of "their 
motions. 4 5779 10 CLIT 
Act If as be objected OP Sn experiment 
above; that a conſtant biſection of the intervals 
of: the pulſes of one of the uniſons by thoſe of 
ht to excite a ſenſation 
of 4 ſingle found an eighth higher than the 


uniſons, and as it does not, that of conſe- 
quence there is no biſection; a ſatisfactory an- 
{wer to the objection might eaſily be drawn 


from: the different duration and ſtrength of the 
ſingle pulſes of different ſounds at à different 


— — er eg enter mene con- 


12. But 


Es 4 Rowe. Prin p. Lib. 2. 6," 50. Scbol. and 
Prop. 23. 
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12. But after all, as abſolute certainty is dif- 
ficult_ to. be had in this inquiry, I choſe to 
give the vulgar definition of a perfect conſo- 
nance in Sect. 111, Art. 3, as a ſumpler prin- 
ciple to build upon, and yet as fit for that pur- 
poſe as a more general one nud be," en . 
ee . % oft of 


| Scholium 05 W neee 
1 22 33 0 * | 


een a. ven ſuict e be- 
2 pe! — undulations of audible and viſible 

objects, I will here deſcribe it, as an illuſtration 
of the foregoing theory of imperfect conſo- | 

"ENCES, TO 

Pl. 3177. Fi 39. Let the points , 35 c, & 
and a, 6. 2 Fig 39 . pdt” th des of two 
tel 7008 ef equidiſtant ane parallel ob- 
Jects, ſuch as pales, palliſadoes, Sc, and let 
them be viewed from 'any tee ee ry 

eye at an t 2. In a 9 ou 
the eye 4 the axes bog rn, 
objects at t an i he pa, c, 
e e e lines drawn Tow! 'S 
through a, B, , &c, cut the line of the other 
row in A, B, C, &c. Then by the fimilar 
triangles A B-z-and a f &, BCz and'B'y =, 

CD ⁊ indy & E, &c, we Rave AB: &B:: 
(Bs: 925 9 BO: By:: (CS : 72) 0 
25 N:: &c. Therefore n antecedents A B, 
BC, C'D, &c, which are to the equal conſe- 
quents æ g, g , A Ke, in x the ſame ratio, 
| 10 %% 1% do od b 


20 ( 
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are alſo equal to one another, and are the appa- 
rent projections of the dogs. > qa upon the line 
ab c of the other row. 

Hence ſuppoſing n and n to repreſent the 
leaſt whole numbers in the given ratio of 
AB to ab, we have a line mxab==nx A'B, 
equal to the length of the cycle between the 
apparent coincidences of ſome of the objects 
in one row with ſome in the other; as of 
& and a at 4, of «x and m at K, &c: and 
if nn be not e we have a ſhorter line 
— = A X or X R, equal 


a b = 
to the RS 3 the apparent period of their 
neareſt approaches towards coincidences; as on 
each fide of the point X, according to the de- 

monſtration of the vii propoſi tion. 
But if the point z be fo ſituated, that the 
lines AB and ab or af, or B and 8 2, 
or Cz and 2 &c, which are all in the. 
fame ratio, happen to be incommenſurable, it 
will be impoſſible, mathematically ſpeaking, 
for more than one couple of objects to appear, 
coincident (e), and yet the periods of their ap- 


parent approaches will ſubſiſt in this caſe as well 
as in the other. 


Now if the objects be white, or 87 any o- 
lour that reflects more light to the eye than 
what comes to it from the ſpaces between them, 
and their breadth be conſiderable as uſual, the 
rows will appear the leaſt luminous about the 
| COln- 


(%) See Prop. x1. Schol. 4. Art. 2. 
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coincident. objects and the 
AX, X, &, where the 
row_hide the whole or ſome part 


will appear gradually more luminous towards 


the middle of the periods, here the objects 
will be ſeen diſtinct . one another if they 


be, not too broad. And the contrary will hap- 
pen if the objects i in the rows be leſs luminous 
than the ſpaces between them. 

Conſequently if the ſpectator ſtands ſtill and 
moves his _— from one end of the rows to the 
other, he will, ſee an alternate ſucceſſion of 
light and ſhade; and while he moves for- 
Wards in any tranſverſe direction 2 @, and fixes 
his eye upon a given place of the rows, he will 
then On an undulation of light and ſhade, .mov- 
ing forwards quicker or ſlower according to the 
celerity of his own motion. 


For then the, apparent po Pkg which 
were at A, K, &c, and conſequently; the in- 


termediate periodical points X, T, &c, will 


gradually ſhift from 1 to B, &c, and from 


K to L, &c, as is evident from the angular 
motion. of the, viſual rays about the fixt points 


ON X, 8. Y> &c * Ay A, &: And this 


a known phænomenon. 


If the "ipetator recedes e the! rm} - that” 
period — 4 6 will grow longer, and upon his 


Paying tranſverſely, the viſible undulations will 
be broader and {lower than E and at a 


V. 
63. je * : 4  & 0 73 


— — . 
of thoſe be- 
hind them in the remoter row; and the rows. 


NE: don x r 8 — Th 22 . en oo e  et= 
D 2 en Co N . — 7 > oy e ” Pe TER . DIVE, 
N — — fi wa Aa ee of — = — —— ch S 
— — > 4 wa g 
N 23 — * - 2 2 
* _— A 


— 


OWLS, CES. 
2222 * oY 


e- — TOE 77 POR RS Tt Sexes WH 
— PE, ended Pr 
7 r — * 2 

— — peg F < 2 s 


| 


— = 


— 


— Bn £6.” bc 


| 
i 
* 
4 
4 I 
i NY 
33 
" # 
TH 
1 = 
. 
it. 6 
7H 
* 3 
b4 | . 
1 
118 
34 
+ 17 
FS 
4 
' 
! 
i 34 
it 
. 
11 
BE 
4 
: 
_ 
44.38 
ia 
\-M 
3,64 
19% i 
In 
l © 
341 
* oY 
1 
1 
II 
1 
bY 
+1 
LE 
ko 
r 
q 
if 


= - 
—— — $9 


— 


— ——— — 
. . 
"4 . — 
a — 
r 


th 
* "IE — a; 


— — 
Tx * 9 6 


we HARMONIGCS: Seft VI. 


4 


very great diſtance: from the rows, will become 
imperceptible; as being changed into an uni- 
2 in the place ace of 
one: quite an Sto the audible undulations 
of imperfect uniſons, as they grow flower and 
leſs perceptible velule tho unions are approaching 
to perfection. * 21 Db. ae 2d: 
The — Ale eee 
of pales that-meet WO Agr A . Ju nog 
ges 4 wy A801 


nor SITION: Xl N 


9 aid e woc 


Tmper felt conſotites of the Aae Mute 
are equally.  barmonious when. their. 
Hort cycles are equally numerous in 

1 - NE ROO of bein i 1 ons. 


ws 1 4 i $7 #4 


As perfect EEE f wY fue Nathe 
are qu ally harmonious becauſe; their cycles 
are fimilarly divided by the pulſes - of their 
ſounds; 15 perfect conſonances Will be e ually 
harmonious when their periods are fm. ry di- 
r 11071 K 330 4k ” £\ 

Hence aF pere uniſons What fin e V 5 
brations have the ſame ratio, are equal 7 I 
monious, as having ſimilar periods , 
therefore: all-imperfect confonances of go. ſame 


name whoſe, tempering ratios are the fame, a7 
equally harmonious, barren 


\. (f?) Prop. vii. Cor. 4. 


EH 


Prop. XI. HARMON ICS. vx 
For ſince che vibfalians uf che cotreſponding 
perfect conſonances have the | fame given ratio, 
1 10 u, and-the vibrations of the imperfect ones 
are derivtd from thoſr ei the ſnnilar umiſuns by 
intermitting 12.1 and 2.1 pulſes of their ho- 
mologous vibrations, ſo as to leave at 
8 every ſeries (g); the fimilar periods of | 
the uniſons are thereby altered into finular»pe- 
riods of imperfect conſonances; and the equal 
intervals of the uniſons into equal temperaments 
of the conſonances (b)) 1% 
And the lengths of theſe ſimilar periods be- 
Ba e ta the ſingle vibrations of their 
or to eguimultiples of them, that is, to 
Wel. 8 of the ſhort cycles of the perfect con- 
ances, will cor in equat numbers of 1 imper- | 
fe rt WD 200 nl 
Coroll. Co dnanges of the ſame name are 
—— . n pe- 5 PIE 


11 


* ö "SY 
0 1 » 0 * ; 7 
; CY ” = TL 27 1 ; } 
- kh Aa 11 14 4 


255 . | J » b 2 Selen, 


4 
mr: by 


8 


Aer . ban hen Wc ite 13 

making” all he tempered Vine as equally harmo- 

nious as the ear could determine, 1 found that 

the numbers of their beats, Duale in equal 

n were 1 PRO, to the h 
rl 


1 2) See N Pro = - to * e Aud | 
« Univxerſally, Sc. oP. . owns thy ca W 


(65 Prop. VIII. Cor. I, 2. GEE FL -7 $ 1 
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of the ſingle vibrations of their baſes or trebles, 
as nearly as could be expected: or that the 
Go between their ſucceſſive beats, which 

are equal to the periods of their leaſt imper- 
fections (4), were directly proportional to thoſe 
— us vibrations, or to equimultiples of 
them, or to the lengths of the ſhort" cycles, 
which therefore were n numerous i in PRE 
en fi 


| PROPOSITION. NI. 0 


1 Imper felt conſonances of all revs are 
equally * harmonious, in their kind, 
when their ſhort. cycles are equally 1 
numerous in the 2 2 es im- 
PL 3 XII, | Fig. 34 The times of os Ri 

vibrations of imperfect uniſons being repre- 

ſented by AB and 4 b, let AD and ac, that 
is 3AB and 246 be thoſe of imperfect vt. 

And one length of their imperfe& ſhort cycle 

being 2 1 D = AG, and the other being 

34c ag, their difference Gg is the diſloca- 
tion of the pulſes G, g at the end of the firſt 
ſhort cyele Ao 5G, meaſured from the coincident 
pulſes Aa. And the greater of the two diſloca- 
tions which terminate the ſeveral ucoreding of 
cles, is double, triple, &c of Gg 0 ). 


ing ; 
(#) Pro. x. (1) Prop. vir, gain 
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Again, conceiving the pulſes c, g, I, &c, to 
be now intermitted, let 4 D and ae, that i is 
3AB and 446. be the ſingle vibrations of im- 
perfect 4, And the two lengths of their firſt 
ſhort — ANna being 44 D=AN-: and 
34e=an, their difference N is the diſloca- 
tion of the pulſes N. 7 at the end of that es ; 

and in the ſeveral ſucceeding cycles the greate 
of the two diſlocations is an hits q 
of N] >; 

And hs common period 4 Z or 5 of thoſe 
diflocations or imperfections in the ſhort cycles 
of the v and 4, is the fame as the period or 
ſimple cycle of the pulſes of the vibrations AB, 
a b of the imperfect uniſons (m). 

Now the two diſlocations Gg, Nu, in the 
firſt, imperfect cycles of the vm and 4 in that 
period, are in the ratio of AG to AN (n), the 
lengths of the cycles, that is of 2.4 D to 44, 
or 1 to 2: and the two greater diſlocations 
7, in the laſt imperfect cycles Xy SA. 
W the ſame — 2 are in the 

ratio of their diſtances Z X, Z Q from this 
end of it: and this ratio is leſs than that of 
AA to AQ, or 1 to 2. But the two greater 
diſlocations K A, IIe in the ſubſequent cycles 
K Ae A, Ie s A, of the next period, are in 
the ratio of Z K to Z II, which, on the con- 


trary, is . than that of aK 2 or 
1 to 2. 


H E. 
(nm) Prop. V111, (n) Prop. vi1. | 


in HARMONICS. Sect. VI, 


The periods muſt be conceived to contain a 
much greater number of ſhort cycles than can 
be well repreſented in a ſcheme. And then, as 
the correſponding diſlocations in the v®® and 4 
lie farther and farther from Z, the ratio of their 
diſtances and magnitudes will ke n nearer 
and nearer to 1 to 2. | 
Therefore 1 to 2, or'the ratio of the lengths 
of the ſhort cycles of the v and 4, is either 
the exact or the mean ratio both of the greater 
and the leſſer diſlocations in all their correſpond- 
ing ſhort cycles: becauſe the leſſer of the 
increaſing diſlocations in any ſubſequent cycle, 
is the fame as the greater in b 
one,. 
Now while che length AG or ag remains 
unaltered, imagine the diſlocation Gg of the 
vibe to be increaſed in that ratio of 1 to 2, and 
then 'it will be equal to'the former 
of the diſlocation Vu of the 4***, or to N in 
Fig. 35, ſuppoſing the pulſes C, G, L, & to 
be abſent: And the fri difloctin Þ 5 of he 
pulſes B, C, of the imperfect uniſons, bei 
the ſame time increaſed in the ſame ratio, 
period AZ, which is alſo that of the ile 
tions in the vi (), will be diminiſhed very n 
in that ratio inverted (p). And thus che pre- 
_ period of the imperfect vi and the for- 
er period of the 4b, are in the ratio of the 
lengths of their ſhort "FO. ; which there- 


fore 


0% Prop. n (7) Car: 1. Lemma to hoh tx: 
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oy are equally numerous in their reſpeCtive-pe- 


And Lene the greater and lefler diſlocations 

at the ends of the correſponding ſubſequent 
= cycles of the vd and 4, are now reſpec- 
tively equal, either exactly or at a medium of 
one- with another, —.— jually numerous too, 
the whole periods of theſe ſhort cy- 
cles, will be —.— eee Becauſe thoſe 
equal diſlocations of the pulſes in the correſpond- 
ing ſhort cycles, are the cauſes that ſpoil their 
harmony : and cauſes canſtantiy equal will have 
equal effects. 

The conclufion will be the fame if the diflo- 
— Nu, in the firſt cycle of the 4. in ei- 

ther e be contracted to the magnitude of 
ation G g belonging to the vd in the 
. For then the new period of the 4, 
being double of the old one (q), will be to the 
old one, or that of the v, as AN to AG, 
that is, in the ratio of the lengths of their ſhort 
cycles, which therefore are equally numerous 
in theſe periods: and the diſlocations at the ends 
of the ſeveral ſubſequent ſhort cycles of the 4b, 
being likewiſe contracted to the reſpective mag- 
nitudes of thoſe of the v**, the conſonances are 
again made equally harmonious. 

And laſtly, ſince either of thoſe conſonances 
is equally harmonious to another of the ſame. 
name, at any other pitch, when their ſhort 

H 2 cycles 


(3) Cor. 7. Lemma to Prop. 1x, 


* * , — * 
— pete 1 — — K — —— 


— — — —— ů — 


— — „ 


— 


. 
* 
L 
1 
4 
4 
k £ 
i 
: 
3 7 
U 
+ 
is 
20 
4 £ 
73> 
BY 
if 
4 
ins 
77 
"2 
7 
- 
* 
. 
74 
4s 
vx 
vil 
" I 
4 [| 
N 
1 
1 
1 
3 
538 
1 
1 
ati 
NI. 
3 
> 15 
L i 
4 
| 
33 
.N 
ry 
"Ft 
4} 
$$ 
1 
74 
: 
1 
„ 
al 
it 8 
.1HY 
1 f 
1 | 
T3153 t 
1 | 
4 
"41 I 
44 
I | 
=_ 
FE 
* | 
NH 
4# 
* "i : 
1 
Is N 
7.5 l 
* 
"4 
> 1h iN} 
Ih 
_ 
= 
19 
I; 
138 
10 
i 7 
. 
1 
1 5 
+: 
N 
© $2. Bs 
5s 
. 
| 
if) 
i 
iz 
,” 
N 
5 
12 
| 
-* 
15 
— 


” — 
— 
. 
—ꝗ—ũ—j — —— — 
m# 
— 


116 HARMON ICS. Sec. VI. 


cycles are equally numerous in their periods (7), 
it appears that 4** and vt» are equally harmo- 
nious at any pitches, when their ſhort cycles 
are equally numerous in their periods. And the 
like proof is plainly applicable to any other caſe 
of theſe or any other conſonances: I mean 
when the common period of the imperfect uni- 
ſons is terminated at firſt either by coincident 
pulſes or periodical points ; as will plainly ap- 
pear by conceiving a ſhort cycle or two to reſult 
from a proper intermiſſion of the pulſes of im- 
perfect uniſons on each fide of ſuch points in 
hg. 24,25. QE. D. ? 
 Coroll. 1. Imperfect conſonances are more 
| harmonious in the fame order as their ſhort 
cycles are more numerous in the periods of their 
imperfections. 8 oh 
For if any two impetfe& conſonances be ſup- 
poſed equally harmonious, their ſhort cycles 
will be equally numerous in their periods, by 
the propoſition. Then if either of the given 
periods be lengthened, the ſhort cycles will be 
more numerous in it, and the leaſt diſlocation of 
their pulſes being ſmaller than before, and the 
greateſt much the ſame (5), the diſlocations will 
firſt increaſe and then decreaſe by ſmaller and 
more degrees from one end of the period to the 
other. And thus the conſonance will be more 
| harmonious than it was at firſt, or than the other 
given conſonance. 


And 


(7) Prop. x11, © (5) Prop. vii and viit. 


Prop. XIII. HARMONICS. 117 


And on the contrary, if the period of either 
conſonance be ſhortened, the number of its ſhort 
cycles will be diminiſhed, and the diſlocations 
of their pulſes will increaſe and decreaſe by 
larger and fewer degrees than before. And 


thus the conſonance will be leſs harmonious 


than it was before, or than the other given con- 


 Coroll. 2. Imperfect conſonances are more 
harmonious in the ſame order, as their tempe- 
raments multiplied by both the terms of the ra- 
tios of the ſingle vibrations of the correſpond- 
ing perfect conſonances, are ſmaller ; and are 
equally harmonious when thoſe products are 
- PI. x11. Fig. 34, 35. For the vibrations of im- 
perfect uniſons being AB and a & and the terms 
of any perfect ratio of majority m and u, the vi- 
brations of an imperfe& conſonance tempered 
ſharp are m AB and n a b, and thoſe of the im- 
perfect oonſonance tempered flat are 4b and 
AB; and the periods of the leaſt imperfections 
in both have the ſame length as the period of 
the imperfect uniſons (7) ; which length, ſup- 
poſing A B: ab:: R: r in the leaſt integers, 18 
— AB, call it 2. i 
Now the length of the imperfe& ſhort 
cycle of either of thoſe imperfect conſo- 
nances is mn AB (u); call it c. Then 
H 3 p 


* 


(e) Prop. viiz. (z) Prop. vii. Cor. 2. 


4 
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„ SLE ag if 
N E AB * 5735 = an N, mnt by 


taking t = =, which eu as the logarithm 
of the tempering ratio R: , or AB to ab (x) 


is very nearly as the temperament of both thoſe 
conſonances (y). 


Therefore * ihe {ame order in which the | 
values of VE a== are greater, of the values of 


mnt are maler, the correſponding conſD 
nances are more harmonious, by corol. 1; and 
ate equally harmonious when the values of 
* nt are equi, by the preſent propoſition. | 


Coroll. 3. | Conſequently imperfect ö 2 

nances are equally harmonious when their tem- 

| peraments have the inverſe ratio of the pro- 

ducts of the terms of the perfect ratios of the 

correſponding perfect conſonances. 200 

For when the values of the oroduct mn xt 

are equal, the values of ? have — inverſe = 
tio of the values of nn. 


Crroll. 4 When the products mn. EY the 
terms of the perfect ratios are equal, the tem- 
pered conſonances are more harmonious in the 

| ſame order as their temperaments are ſmaller ; 
and are equally harmonious if their — 
ments be _ 
For 


(x) Cor. 2. Lemma to Prop. IX and Prop. vI111 cor. Is 
(3) Sect. 1. Art. 17. | : 
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For if the values of mn or = - be equal, the 


values jt == x - 


- are 


greater in the ſame 


order as thoſe of - are greater, or as thoſe of ? 


are equal. 
Coroll. 5. Therefore imperfect conſonances of 
the ſame Name are more harmonious in the 
fame. order as their temperaments are ſmaller ; 
and are equally ee when they are 


equal. 


. the terms of the 


— ſmaller ; and are equal when the values of 7 


perfect ratios of 


conſonances of the ſame name are the ſame, 


and their product the ſame. 


Coll. 6. Imperfſe& conſonances equally tem- 
pered are more harmonious in the ſame order 


as the products of the terms of the 


perfect ra- 


tios belonging to the perfect conſonances are 


ſmaller; and are 
thoſe products are 


equally harmonious when 
equal. 


For the YOu of t being ſuppoſed equal, 
thoſe of — 9 — x - are greater in the ſame or- 


der as the values of 25 are greater, or as thoſe 
of mn are ſmaller; W the former values are 


equal when the latter are ſo. 


_ Coroll. 7. Imperfect conſonances equally tem- 


are 


erally more harmonious in the 


ſame ordet as they are ſimpler, the pure ones 
chiefly excepted (2), which are more harmo- 


(2) Sect. III. Art. 8. 


4 


nious 


120 HARMONICS. Sed. vl. 


nious than ſome others that are ſimpler; though 
ſeparately conſidered they follow that _ 
exactly. 

This will appear from the ſixth corollary bo; a 
ſeries of the products of the terms of the ra- 
tios in the firſt column, compared with the ſe- 
ries of numbers in the ſecond column of the 
table in Set. 111. Art. 5, ſhewing the order of 
the ſimplicity of conſonances. 

Croll 8. Conſequently ſimpler confenatices 
will generally bear greater temperaments than 
the leſs ſimple will; or the leſs ſimple ones ge- 
nerally ſpeaking will not bear ſo great tempera- 
ments as the ſimpler will : Gy to the com- 
mon opinion (5). 

Coroll. 9. The tempered concords i in the "i 
| ſtem of mean tones (c) are not equally harmo- 
nious in their kinds. 

For by Coroll. 6, and by inſpe&tion of the 
terms of the perfect ratios annexed to the cha- 
racters of the concords in the firſt of the tables 


in 


() Octavæ autem tant nde nam wal minimus 
octavæ defectus fit intolerabilis. Dechales Curſus math. 
Tom. 1v. de Muſica, cap. x1. 

(b) Oftavarum autem omnium unica eſt ſpecies, eaque 
perfecta ratione 1 ad 2 contenta. Hoc enim intervallum, 
propter perfeCtionem, vix aberrationem à ratione 1 ad 2 
pati poſſet, quin fimul auditus ingenti moleſtia afficere- 
tur. Namque quo perfectius perceptuque facilius eſt in- 
tervallum, eo magis ſenſibilis fit error minimus z minus 
autem ſentitur exiqua aberratio in intervallis minus per- 
fectis. Tentamen nove Theoria muſice, cap. 1x. ſect. IO, 
| Petrapoli 1739. | 
(<) Prop. 2. 2 72 34. 
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in the next ſection, it will appear, that the vth 
and 4* and their compounds with vin, are 
more harmonious. than the vi and 3 and their 
compounds with equal numbers of vii, as 
being all equally tempered in that ſyſtem (d). 
Gorell. 10. The harmony of thoſe concords 
is ſtill more unequal in the Hugenian ſyſtem, 
reſulting from a diviſion of the octave into 31 
equal intervals (e). Wh 
Becauſe the common temperament of ' the 
vitb and 34 and their compounds with vii%, 
which by Coroll. 4 and 9, ſhould be ſmaller than 
that of the v and 4* and their compounds with 
vii”, to render them equally harmonious, is 
on the contrary ſomething greater. 825 
Croll. 11, Imperfect conſonances are more 

harmonious both as they beat ſlower, and as the 
cycles of the perfect conſonances are ſhorter. | 
For the quantities + will be greater on both 
accounts (J) and the harmony better (g). 
Coroll. 12. Imperfect conſonances having the 
fame Baſe are more harmonious in the ſame. 
order as their Beats made in-equal times and 
multiplied by the Minor terms of the perfect 
ratios of the reſpective perfect conſonances are 
ſmaller: and are equally harmonious when 
thoſe products are equal, that is, when the 
beats are inverſely as the minor terms (+). 


For 


(A) Prop. 111. Coroll. 3. 
(e) See Prop. xvii, Scholium. 
Prop. x1. 
(g) Prop. x11 and x111, 
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For let the ſingle vibrations of the baſe and 


treble of an indeterminate perfect conſonance 


be Z and 2, and Z: 23: : : u in the leaſt 
numbers, then the ſhort cycle c = n Z = m2, 
and putting g; for the number of beats made in 
any given time by the centelpdiding imperfect 
conſonance, the period p is : as 3 as being equal to 
the interval of the 3 beats 0935 and the 


harmony being as 2 or 772 or g, is better 


as the values of f are ſmaller if 2 be con- 
ſtant, or as g m is ſmaller, if 2 be conſtant, by 
Coroll. 1. XII. 

: Coroll. 13. Hence if the Baſes and Beats be 
the ſame, the harmony is better as the minor 
terms are ſmaller and equally good when they 


are the ſame: or if the Baſes and Minor terms 
be the ſame, it is better as the beats are ſlower, 


and equally good when they are iſochronous. 
Croll. 14. And the two laſt corollaries are 


- applicable to trebles and major term, by reading 


trebles inſtead of baſes and major terms inſtead 


of minor, as appears by the . 


050 See Pl. I. Fig. 3- and Plate xII. Tab. I. 
00 Prop. x. 
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SECTION VII. 


of a fy fem of ſounds wherein as many 
concords as poſſible, at a medium of 


one with another, ſhall be equal, 4 and 
. the moſf harmonious, 


DEFINITION: I. 


The Arithmical Mean among any num- 
ber of quantities, is to the ſum of them 
under their given figns, as an unit 
is to their number; and has the ſame 
en as their ſum has: Or if they be 
expreſſed by numbers, it is the quo- 
rient of their um divided by their 


number. 1 


Thus the arittimeticad mean among the quan- 
fities a, b, c,=d, 18 . 


Cproll. 1. Hence the by of the 3 of 
all the greater quantities above their arithmeti- 


cal mean, is 8 to the ſum of the defects of 
all the aller from the ſame. 


For let the arithmetical 'mean —— 


Dr, then a +b+c—d=4r=r +r +r +r. 
ET Whence 
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Whence if @ and 6 be ſeverally greater than 
7, we have a—r +th—r=r—c+r+690. 
PI. x111. Fig. 40. Accordingly if the lines ao, 
bo, co—do and ro, be proportional to , G, c, d 
and 7, the ſum of the parts 74, 74 on one fide 
of the point 7, is equal to the ſum of the parts 
rc, rd on the other ſide of it. 
Coroll. 2. If any quantity q be added to, or 
taken from every one of the quantities a, b, c, — 4, 
their arithmetical mean will accordingly be 
augmented or diminiſhed by that quantity g. 
For let a+þ6+c—d==47, then 7 is their 
arithmetical mean. But a+gt+b+gt+ct9 
—d+qz=4r + 44q=4Xxr T9, and therefore 
r +9 is the arithmetical mean among thoſe 
. augmented” quantities a+q, 6+q, 7. — 
dg: and by changing the ſign of every 9, it 
appears that r—g is the like mean among 
* quantities 2 — , b—q, 4, 
2 3. If every one of the quantities 
a, b, c. — d, be increaſed or diminiſhed in any 
given ratio of 1 to x, their arithmetical mean 
will alſo be increaſed or diminiſhed in the ſame 
given ratio. | 5 Th 
For let a+b6+c—d=47, then 7 is their 
arithmetical mean. But na+nb+nc—nd 
==477, and therefore r is the arithmetical. 
mean among the quantities na, ub, nc, - 2d. 
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bean II. HARMONICS. "> 


F 


DEFINITION I: 


The Harminical Mann among any- num- 


ber of quantities, is the reciprocal of 
. tbe. ari thmetical mean among their 


For inſtance, d Pi reciprocals of 45 3 c, are r 25 


1 
75 8 
| 3 


and its reciprocal 2 "= 13 5 r is the harmoni- 
yg * ia 
cal mean among a, 6, c; where I ſignifies any 
given conſtant quantity. 

Pl. x11. Fig. 41. Likewiſe in any hyperbola 
where the ordinates parallel to an aſymptote are 
the reciprocals of their abſciſſes, meaſured from 
the center upon the other aſymptote; if an abſciſs 
70 be the arithmetical mean among the ab- 
ſcifles ao, bo, co, do, its ordinate 7 p is the har- 
monical meary among the ordinates @ «, 66, 
c, 48 by the definition, 7 p being the reci- 
procal of the arithmetical mean 7 0 among their 
reciprocals, ao, bo, co, do. 

Likewiſe if an ordinate-, x. be the arithme- 
tical mean among the 3 ac, bB, cy, dd, 
its abſciſs no is the harmonical mean among 

their abſciſſes, ao, bo, co, do: ande on the con- 


trary. 


Coroll. 
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_ Coroll.x. The arithmetical mean is greater than 


the harmonical mean among the ſame quantities, 
if they all have the ſame ſign. 

For let the line Be, — through the 
top of either of the — xa next to 7g, cut 
the reſt in J, g, B, and the aſymptote ro in e. 
Then becauſe 70 is the arithmetical mean among 
ao, bo, co, do, the line re is the arithmetical 
mean among the lines ae, be, ce, de (t); and 
re the arithmetical mean among the propor- 
nal lines af, bB, cg, db (0), which, ex- 
cepting the common ordinate 6 g, are ſeverally 
fmaller than the hyperbolical ordinates, 4 c, 
58, cy, dd; whoſe arithmetical mean m is 
therefore greater than 1g (m), the harmonical 
mean among the ſame ordinates. 

Corll. 2. The difference between the arithme- 
etical and the harmonical means among the ſame 
quantities, will be very ſmall when the diffe- 
rences of the — — {o>: -; 

This will appear by conceiving the ordinates 
ac, bB, cy, dd — approach gradually to- 
wards one another till they 8 For 
then the differences between the h 
ordinates a«, 5 g, cy, dS, and the lines * 
56, cg, db, and conſequently between their 
arithmetical means m N, 7 e, will gradually de- 
creaſe to nothing. But 7g is alſo the harmoni- 
cal mean among thoſe ordinates. 


(% Defin. 1. Coroll 1 or an 
(/) Defin. 1. Coroll. 3. (n) Defin. 1. 
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Coroll. 3. By increaſing every quantity in any 


given ratio, the harmonical mean among them 
will be increaſed in the ſame ratio. 

For the reciprocals: of the increaſed quanti- 
ties, and the arithmetical mean among them (i), 
will ſeverally be diminiſhed in Mat ratid; and 
the reciprocal of this mean, which is the har- 
monical mean among the increaſed. quantities, 
will of Kees de increaſed in the fame 


ig 

4. Fig. 42; 43. Whatever be the 
tans he te quantities à &, 58, c, 
4%, their harmonical mean 7g has always the 
ſign of the · ſum of their reciprocals à 0, 6 o, 
2 or of va, the arithmetical mean among 


| For the reciprocal of each quantity has the 
ſign of the quantity itſelf, and ac as 
| their ſum is affirmative or negative, ſo is 
dgwel, u. d b. e, * 


ciprocal, or th mean among the 
propoſed quantities. 


— — 
* * 


(n) Defin. 1. Coroll. 3. (0) Defin. z. 
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PROPOSITION v. 


Infead of ſeveral imper fect pid 


differently tempered and belonging to 
the ſame per, fecit one, if it be neceſ- 
fary to uſe but one, let the period of 
its imperfeftions be the arithmetical 
mean among all the periods of thoſe 
— and it will beft anſwer the 


feveral preryoſes of on en. 
Berau the exceſſes of the aer Ne 


above the arithmetical mean are equal, one 


with another, to the defects of the ſhorter 
from the ſame, and becauſe the arithmetical 
mean period is longer (p) and therefore more 
harmonious () than the harmonical mean 


among the ſame. Q. E. D. 


(p) Def. 2. Coroll. x. Set. VII. 
( Prop. x111, Coroll. 1. 
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PROP, 0SITION XV. 


The PO TEE concords i in any one of the 
e derived from the vid, VI or 
1114/0, whatever be their common tem- 
Pere ment, are conſtanily more harmo- 
nicus in the fame immutable order as 
the products of the terms of the ber- 
Felt ratios belonging to the reſpettive 
Perfect concords are ſmaller; and thoſe 
concordi only are equally Bar mini ous 
which have equal produits belonging to 
them; and no others can be made 2 
Seen they cannot have different tem- 
PDeramenti a while the ofFaves are Perfect. 


Den of this propoſition appears from 
* PIP: XIII. coroll. 6. and prop. n. Bal 


(r) In the ſcholium to prop. III the 3 were 
diſtributed into three parcels, which may be ſeen in one 
view in Table I aces after Tena A prop. NV. 
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me 


PROPOSITION XVI. 
2⁵ find the temperament of a 6 Prin of | 


ſounds of a given extent, wherein as 
many concords as poſſible, at a me- 
dium of one with another, ſhall be 
11250 and the moſt harmonious. 


Into the ſecond and third columns of the 
11“ Table following (s), transfer every couple 
of concords in the given ſyſtem, whoſe charac- 
ters can be taken from the different parcels in 
the 1* Table; omitting all other couples whoſe 
characters are both ſituated in any one of the 
parcels. And after each couple place the ratio 
of the temperaments which would make the 
two concords equally harmonious in their 
kind (). 
Then will the corollaries to the 1v, v and 
vi® propoſitions give the temperaments them- 
ſelves, or the poſitions of the temperers O r s ?, 
Orst, &c, in Fig. 44, Pl. xIv, belonging to 
every one of thoſe ratios. 
Among the temperaments in the three 8 
ral parcels Gr, Gr, &c, As, As, &, Et, Ef, 
_ &c, taking three harmonical means, GD, AH, 
EM, and transferring them to Fig. 45, draw 
three temperers ODef, Og Hi, OEM. and 
taking 
(s) After Schol. 2. of this prop. 
0 Prop. xIII. coroll. 3. 


"MY 5 5 
. * 2 * 
3 : LETS 4 * 3 4 ; is 8 4 p * TS — N 
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a * : 1 A * 8 ones "7 1 4 | [$48 2 | a Fe 


taking Eg the arithmetical mean among the 
three temperaments E M, Ef, Ei, the tempe- 
rer On pq will approach very near to the poſi- 
tion required in the propoſition. 

If greater exactneſs be deſired, among the 
three temperaments in the three ſeveral parcels 
GD, Gg, GE; AH, Ae, Al; EM, Ef, Ei, 
taking three harmonical means, GD, AH, EM, 
and transferring them to Fig. 46, draw three 
new temperers OD'ef, Og Hi, OEM“; 
and taking Eq'the arithmetical mean among the 
three temperaments EM, EF, Ei,, the tempe- 
rer Gn pg will approach till nearer towards 
the required poſition. e e oh 
And by repeating the like conſtruction we 
may approach as near as we pleaſe (). Q. E. I. 


THE DEMONSTRATION. 


In combining the concords all the couples 
. whoſe characters are both in any one of the par- 
cels in Tab. 1 are omitted; their harmony with 
reſpect to one another, or the proportions of their 
periods being immutable, by reaſon of their com- 
mon temperament (x).  _ 

Pl. x1v. Fig. 44. Now ſuppoſing G a to be the 
arithmetical mean among all the temperaments 

| | 1 es | 


(2) Want of room in ſuch ſmall plates made it neceſ- 
ſary to alter the true proportions of the lines in the fi- 
gures ; otherwife ſome parts of them would have ap- 
peared confuſed. 1 3 

(x) Prop. xv. 


132 HARMONICS. Ses. VII. 
G r, G r, &c, of the faſt parcel of concords, and 
drawing the temperer 0¹ abc, the temperamints 
Ab and Ec will be the like Means among 
As, As, &c, and E t, Et, &, (y). Whence 
if the periods of concords of the ſame name to 

the ſame baſe were prop portional to their temp 
raments, the beſt temperer would be Oabc 857 
Becauſe the period of the vn, for inſtance, 
belonging to the temperament G a, would then 
be the arithmetical mean among all the other 
periods of the v to the ſame baſe, anſwering, 
to the ſeveral, temperaments Gr, Gr, &c. And 
the like 1 may be 1910 of the periods of the ff 
and of every other concord in this firſt parcel, 
as having the temperaments Gr, Gr, bc com- 
mon to RK all, and likewiſe of the periods of 
the ſeveral concords in the other two parcels, 
with reſpect᷑ to their temperaments Ab, As, &c, 
and Ec, Et, &c. ' 7 
But fince the periods of concords of the ſame 
name to the ſame baſe are (not directly but) in- 
verſely proportional to their temperaments (a); 
the period of the v, or any other concord, be- 
longing to the arithinetical” mean temperament 
Ga is (not the arithmetical but) the harmo- 
nical mean among the other periods” of that 
name, anſwering to the temperaments Gr, Gr, 
*&c; and conſequently is ſhorter (5 and there- 
fore 


6 ” ef. 1. coroll. 1. 2. 3. Sect. VII. 
(2) Prop. xIVv. A | 
(a) Prop. 1x. coroll. 4. RN "7 
(5) Def. 2. coroll, 1. ſect. vii. 1 
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fore 10 harmonious than the arithmetical mean 


period among them (c) anſwering to the har- 
monical mean 7 Wot And what 
bas been faid — that parcel is 
a to — 105 0 on 0 ther two, with re- 
ſpect to the ene and harmonical mean 
temperaments A and 4H, Ec and EM. 
Therefore the arithmetical mean periods he- 
long ing to.the harmonical mean temperaments 
G D, H,. E M, would beſt anſwer the deſign 
of the propoſition, if the points E. 55 M Mere 
all ſituated in one temper 
"HP ſhe ee the 5 G the 905 Ree pen 


44 


ments G 9117. Ae * 2 yo 7 75 
the fy Yo A 5,- «46 FE 2 Kron 
n 
third, taking 1 5 J 5 
2 leaſt pale: 


er 
G D. A 5 E mw 1 being therefore 5 555 e pol- 
ſible (e), and that — 5 the e 13 
arithmetical mean periods heing th © greateſt, (Y. 5 
r e Oe al . 8 05 at a _ 
7 43 - am 


448; * 


e) Prop. xiII. coroll. 
(pe x1 v. . 18 


(e) Def. 1, and cor. 1. web; 2. ſect. Vil 
(f) Prop, 1x. cor. 4. 
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dium of one with another, the moſt harmo- 
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nious, 

But in reality the three harmonical points 
D, H, M cannot fall into any one temperer. 
For the concords in the firſt parcel being ſimpler 
than thoſe in the ſecond and third (g) and there- 
fore gab a ſmaller temperament (h), it ap- 
pears, by cor. 6, 7, 8, prop. 111, that the beſt 
temperer of the ſyſtem muſt lie within the an- 
gle AOE, and ſo muſt the arithmetical mean 
temperer O a bc, as lying not far from the beſt; 
and therefore muſt have the points G, E on one 
fide of it and A on the other: And the harmo- 


nical means GD, E M., AH being leſs than 


the reſpective arithmetical means Ga, Ec, Ab (i), 
the points D and M muſt lie on the ſame ſide 
of Oa be as G and E do, and H on the other 


ſide. Therefore if a temperer could paſs _ 


D and M, yet it could not paſs thro' H. 

Pl. xv. Fig. 45. In the ſolution of the pw 
blem it was therefore neceſſary to reduce the 
perers O De Og Hi, OkIM to one, 
by ſo drawing the temperer Onpq as to make 


Eq the arithmetical mean among E M, Ef, Ei, 
and conſequently Ap the like mean among 


AH, Ae, Al, and Gn the like mean eee 


6 D, Gg, GK (4). 


Now the difi-retces of the dither tem 
ments in each of thoſe parcels being but Fall, 


as 
(g) Tab. 1 following, compared with art. 6 ect, 1II. 
(9) Prop. xIII. cor. 8. ; 
i) Defin. 2. cor. 1. ſect. vII. 2 
4 Def, I. coroll. 1. 2.3 
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as will appear by the followin g calculation (I), 

the arithmetical means among them will differ 
but little from the reſpective harmonical means 
among the ſame (m), which would be fitter 
for the purpoſe if their extremities D', H', M 
could be fituated in any one temperer (n). Con- 
ſequently as the temperer Onpg falls in the 
middle among the three temperers conceived 
to paſs throu = ar harmonical points D, H, M., 

1 wil bse anſwer the ſeveral purpoſes of thoſe 


three, and approach very near to the ſtnatiag. Ef | 


the required temperer. 

Pl. xv1. Fig. 46. Hence and by prop. x1, it 
3 that a repetition of this laſt conſtruction, 
as deſcribed 1 in the ſolution, will give a temperer 
On þ' approaching ſtill nearer to the required 
ſituation. Becauſe the latter temperaments EM-, 
EF, El differ leſs from one another (o) and 
conſequently from their arithmetical mean E 9', 
than the former, E NM. Ef, Ei, did from one 
another and from their arithmetical mean Eg. 

And as the ſame may be ſaid of the tempera- 
ments of the other two parcels, it appears that 
by a further repetition of the ſame conſtruction, 
we may find a temperer approaching as near as 
we pleaſe towards the r n in the 
Propoſition. | QE. D. 


Coroll. 1. Fig. 45. The comma, 1 four 8 
me line G1, Wy the unit, and ſuppaling any 
wy AT three 


| . 5 

69 Tab. VI; N e not 

(m) Def. 2. coroll. 2. (n) Dhop. 85 
4) Tab. vil. at the end of it. 5 
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three temperaments of different parcels to be 


given, as G D d, AH=b and E M=m, 
it will be eaſy to collect, (from the fimilar tri- 

angles under the line O1 3 E, the three tempe- 
rers ODef, Og Hi, OM, and the three pa- 


rallels G D, A H, EM,) that Gg= I 1 
G ===; 4 34 7 ee e 


E * and Ei = = 7.4 provided the 
three temperers be all ſituated within the angle 
EOA; but if OE or OM lies out of it be- 
yond A or E reſſ pectively, the ſign of þ or m will 
accordin we be changed in thoſe theorems. wir 

Coroll. 2. Hence we have the three a- 


* Py: 
1 


3 


2 — 1-2: Yr nes 's 21 12 15 « 0 ! * 7 


0 Bp =tng fr nt , — 
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#& 6 1021 214 4 3.236] 120. 


Ne” Pl. XVII. Fig. 47 ELLE Farben bt th 


demonſtration of the propoſition, by repretenting 


to the eye the proportions of the periods of the 
concords. It is thus conſtructed,” The line A 


being l to * O, 1 parcel of 


„Ke, are drawn 


to the aſymptotes 4 J. 4 I's * their ordinates 
to their common abſciſs 1 3 are made "Propore 


, {Tt 
tional to the fractions , 55 5 > 5 Nc. 


Hencs 
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Hefe when the imperfect vr, 30, v1 A vit, 
3 N vin, &c, to the farhie baſe are each tem- 
Pered by à quarter ef a ci, repreſented by 
the common abſciſs 44; their periods are pro- 
portional to theſe 6fdinates (5); and when they 
have any other temperament repreſented by the 
abſciſs As, their perisds are then properaghal o 
the ordinates su, 5x, Sy, $2, &c. (9). | 
And the like conſtruction being made for the 
ther two parcels of concords, the ordinateserec= 
ed from the interſections 7, 5, f of any temperer 
Orot, ſhew the proportions of the periods in the 
whole ſyſtem: and theſe proportions 'are the 
— the Via N dhe err ore 
e 


Selene 2. n 


4 5 to W bh 16d 2 33 
ments df a fyſtem of any gien extent, it will 
not be amiſs to explain the following tables. 

1. According to the ſolution of the problern, 
fre whether every two characters of the con- 
cords, each of which lie in the different parcels 
in Tab. 1, be placed over againſt Fohe apotier 
in e eee 11%, 
Fart . ee 201873 aan 
2. Then examine er the meth pisse 
after thoſe chiracters in the 4 column of that 
table, be rightly een from the fractions an- 

 :1:/2 nexed 


CI (2) 3 IX. Ard 5 and Tab. 1. at the * fiſo 
next Schoſium. 


1.401 * Ix. en "I 
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nexed to the ſame characters in Tab.1, according 
to oy rule in 6 111. coroll. 3. 


3. See w r all the temperaments. in 
Tab. iv be rightly deduced from thoſe ratios in 


Tab. 114, by the corollaries to prop. Iv, v, v1; 
and whether the numbers in the firſt column of 
each table correſpond to the fame ratios and con- 
cords. 
4. Examine Wc the reciprocals 3 in \Tab. v, 
of the temperaments in Tab. Iv be right, that 
is, whether the product of the quotient by the 
diviſor, differs from the dividend by leſs than 
half the diviſor. When a reciprocal is negative, 
as coming from a negative temperament of the 
111% or vfb, which lies wholly out of the angle 
AOE, I ſubtract it from o and place the re- 
mainder in the table inſtead of the reciprocal 
itſelf. Thus at No 10, —6) 26 (==—4- 33333 
&c, which ſubtracted from o gives 5. 666 67 to 
be transferred to Tab. 114 Part 110 od there ad- 
ded to the poſitive reciprocals, for the ſake of 
uniformity in the work; the integer 5; being 
only negative and the decimals . 66667 affirma- 
tive. For n being any given integer, os aw" 
Oy e ara be 5 ＋ 4 einige 
. See whether the reciprocals in T ub, v be 
rightly transferred into the reſp tive columns of 
Tab. 110 Part 11%, which is r done by means 
of the correſſ ponding numbers in the CHI EO. 
of each table. 
6. Caſt up the Gran dozens of reci ale 
in Tab. 114 Part 119, and transfer the er o 
Tab. 111 and there caſt thera up. 
7. Tab. 


* 


7 
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7. Tab. v1 is thus deduced from Tab. 111. 
Dy — ſolution of the problem the fraction 
1172 2D in Fig. 44, is the harmonical 
mean among the temperaments Gr, Gr, &c 3 


; becauſe its reciprocal £2 1s the arithmetical 


mean among their reciprocals, as being their 


ſum divided by their number, The ſame is to be 


underſtood of all the other fractions: and as the 


value of the temperament E q, computed from 
coroll. 2. prop. xvi, comes out affirmative, by 
the coroll. to prop. Iv, v, vl, it is part of the 
interval E C of the perfect 111%, and therefore 


is a negative temperament of that concord, or 
an affirmative one of its complement to the oc- 


tave. This is the firſt approximation towards the 


required temperament. 


8, Tab. vii contains the calculation of E 95 
che ſecond approximation towards the true tem- 
rament of the 1114, in a ſyſtem whoſe extent 


is but one octave, and is ſufficiently evident from 
cor. 1, 2, prop. Xv1, and Tab. vi. And by a. 


like calculation the values of E, in a ſyſtem 


of two and of three octaves, will be. found as 
put dawn under thoſe of Eꝗ in Tab. vi; care 


-being taken in the operations to continue the 
quotients in decimals as far as they are juſt. 


9. Therefore the reſult of the whole is this. 
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compaſs than it would be in a larger; I chuſe to 
make all the- concords -within _— 
taves equally harmonious and no more, be the 
extent of the ſyſtem ever ſo great; and conſe- 


quently to diminiſh the 1119 by 5 — comma, this | 


being very nearly the value of the laſt E q = = 
Q. 11024 ih 198. VI. :* 

10. Hence in the ſyſtem of equal Baume 
the temperaments of the Vin, vi® and 111“ are 
Wo 2 7:5 and "— g of a comma reſpeQively (x) 
and are proportional to the muſical 8 85 553 
and 2. (s) * 
1115 1 determining theſe temperaments of 
the Giatonic ſyſtem, I have regarded no more 
conſonances than the concords. 1. Becauſe the 
diſcords are ſeldomer uſed than the ooncords. 
2. Becauſe the ear is generally leſs critical in 
the diſcords ee bn the concords. 3. Becauſe a 

mean temper thoſe of the con 
x and Jiſcorls too, angry l ai from that of the 
concords alone, and therefore be Tap. 215 55 to 
12. Lay 1 have key pe dhe bers rfect. 
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(s) But if any one chuſes to have all che eee | in 
4 octaves made equally harmonious, he will find by con- 
3 the tables, that the 111d muſt be diminiſhed by 
—— 525 of A comma, which, being nearly e comma, the 
temperaments of the th, vith and 1114 will then be 
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nious < all the concords, both in itſelf and its 
multiples. 2. Becauſe: ſame one interval muſt be 
kept perfect, in order to determine the vafiations 
of the temperaments of, the reſt (CH). 3. Be- 
cauſe upon ſeveral trials of keeping 45 inter- 
vals perfect inſtead of the octave, many reaſons 
have occyrred 1 to me for rejecting vefy onejof 
_ - 
Dos it not follow then, that the Hſtem 
of eval harmony, as above derived from the 
beſt ſyſtem of perfect intervals (2), is the beſt 
tempered and moſt harmonious ſyſtem that the 
nature of ſounds is capable of? (x)... 

14. It may not be amiſs to obſerve that in 
Fig. 44, 45, 46, EC- E, the difference of 

the Arithmetical and Harmonical mean —— 


ments of che 11 11 computed for ing oa is —- = 


for two is = for three ls. = —_ of 2 comma. 


Hence in 3 Octaves the atidumetcal, and harmo- 
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ſyſtem be 5 — their beats made in equal times 
are alſo as 76 to 7 (y): whence I judge that the 

harmony of the ſounds in the two ſyſtems can 
ſcarce be ſenſibly different (>). Nevertheleſs it 
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at an accurate — pb it requir e . * help | 
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Contains the characters and terms of the perfect 1 
' ratios of all the concords. 
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TAB. H. PART II. 


J Reciprocals of the temperaments of the 
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7 TAB. II. PART II. 
I Keciprocals of the temperaments of the 
Ne 1 v, 3 30 & Comp. e 
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, facing p. 150. 


BL E V. Contains the reciprocals of all the different te 


mperaments | 4 
5 in 3 Octaves. | 
0 & Comp v1, 3* & Comp. 111, 6 & Comp. 
3- 40000 2) 17] 8. 50000 3) 291 5. 66667 
3. 20000] I) 16] 16. o 4) 16 4. 00000 
3. 80000] 4) 19] 4-75000| 1) 19 19. 00000| 
3. 70000] 7) 37] 5: 28571] 3) 37] 12. 33333 
3- 85000] .17) 77] 4 52941] 3) 77] 25. 66667] 
3- 57143] 4) 25] 6. 25000 3) 251 8. 333331 
3. 72727 i. 12500] 3) 41 13. 66667 
In one Octave 1 | 
| Wes | | 
3. 10000] 1) 31 31. 00000 9) 31 3.44444 
3- 92500] JL 45 74324) . JILSNE 52. THR 
5. 20000 11) 26] 2. 36364|— 6) 26} 5. 6667 
%%% 3) 730 24-33008 
3. 25000] 1) 13] 13. 00000] 3) I3] 4.33333 
4. 60000] 8) 23] 2.87500|— 3) 23] 8.33333 
61 3.05000] ) 61 61. 00000} 19) 61] 4.21053 
3- 90250] 77)317] 4.116888 . 3)317]105. 66667 
6. 40000 IT} 2% 1. 88235 —12) 32 3.33333 
3- 14286] 1) 22] 22. 00000] 6) 22] 3.65667 
0 two Octaves 5 | 
3-91429| 32)137] 4. 28125 3)137] 45- 66667 
3-92500] 1)121]121. coooo| 39)I21} 3. 10256 
7] 3- 991251157)637] 4.57320 3)637[212- 33333 
8. 80000] 29) 44] 1. 51724]|—24) 44] 2.16667 
3- 07092] 1) 40] 49.00000| , 12) 40 333333 
| 6. 20000] 16) 31] 1.93750|—11) 31] 3-18182 
13. 60000] 53) 68] 1. 28302|—48) 68] 2. 55333 
3. 4 1) 76 70. oo 24) 70 4 16667 
In | three | Octaves | | =o 
— — 3 — — — a 
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TAB. H. PART II. 


| Reciprocals of the temperaments of e 
Ne | v, A Comp. 1.4. | x11, 6th&Comp. | 
8 3. 10000 31. ooo 3.44444 
143. 050004, 61. oo 3. 21053 
3 3. 80000 4. 75 19. 00090 
ah 3: 40600}. 8. 50000] 5.56667 
10 F. 20000 2. 36364 5.66667 
15 3.96250 4. 11688 10g. 66667 
24 13. 60000] 1. 28302 2. 58333 
4 |__3: 70050] 5: 205771 12: 33333 
"22 3- 07092 | 40. 00000| 3. 33333 
7 3-72727] 3.12500 13. 66667 
25 | 3.04000{ 76. 00000 . 16667 
5 £4. 3. 5714.3] 6. 25000| . 33333 
53: 22812 245: 67425 (272 07164 
lat aB. IL 
— -- reciprocals of the remperaments | 5 
v1, 34 & Comp. 1 6th & Comp. 2855 
7.47583 ⁴⁵[26.33334 
122. 32379 [ 144: 44445 
Me. ia s þ 121111 
168. 19565 ñ‚1.88.98830 
J- 4868-50656 3581. 87720 
195- 44950 243- 99941 
_ 2900-79147 J 302. 81310 
99. 87301: [„ 48. 18182 
154. 13548 101. 61111 
__245: 67425 272. 07164 


1480. 43123 


1449: 65426 


ay 
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4 Vids. $1,074 
Te var of Eq and Eq 1 
— wards the temperament | of the 111%, f 
ee and the moſt burmoniuus. 
In I Octave. So. | 


00 3 12 g : f ö 
763 = o. 280 980 = GD = d 


7: 47393 © o. 137188 = AH ry: þ 
12 ak 
126. 33333 ME o. 659868 = 9 - EM=m mM. 


In 2 Octares. 3 By 
0 
175. * prone = 0. 273x696 = GD = = d 


3 
488. 55656 * 0. 0982587 = =AHE h 
55 775 9 
Es 0.1 In | 3 Ocaves. 3 | 
N | 
418. 534306 hs o. l = GD == 4 
108 5 | | 
1480. 43 129 0, ; 0729517 = H = L 
. 


1449. IR aj -0.0745005 = = BM =: m 


(a) See the laſt Table, = 


r 
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TAB. VI. 


- - = being 'the firſt and ſecond approximations ib. 


Ws ap” pr ans I, . 
Heros Gent Oy 


2 1 1 « 5 5 ae we. 1 — K 


7 3 — oy 
q = ©. 12300I5 
229 0. 122233. in 1 Octave, 


£ oY = — o. e -M N Tap 


a—_—__ Sews 7 4" 4 — 


E e. mn . 0824916 _ 


3) 0. 3774917 
Eg = sd. . 


E = o. 124719. in 2 Octaves, 
Bf; = 4d—1 = o. ee 3 


Ei = 15 = = O, + 2360634 
Rs; n = = 0, 9745005 


3) 9: 3427371 
1 2 O. 1142457 
2 e 3 Octaves. 


* 
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TAB. VIE. 


f pn in Fig. 46, being the - - - 
| ment of the the 119, fr making ol the ord == 


r 2 8 2 aw — — — _ — — * — 
. —— — — —— — — —— 
- 


@ . —— En int —— 
* > 


= 3- 560011 


— Es, 


—— — 


l 


G 
Tr © 15 ing 3: 470974 
G 


| TY 3.) 10. 689898 
5 ei | Arith, mean 3- 503299 


* 


= 0.280631 


3. 563299 


 Arith. mean 6.413593 | 


AH =b' = = = 0.155919 


— ä» œG œ——rꝛ —„ w-. AS. > — ———— 


- * 
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X Nene ny + 2 x, : 
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VCC 

=== ſecond appbiximation. Sake: oh / Jempera- 7 

in 1 cctave equally and the moſt harmonious. 
e 3 ENNS 4 „ \ 4 "© 


L 4 
+; A ? J 
3 1 + Þ 1 22 N 
8 * 5 f # . 7 x 4 E % +» . 
' 3 ; : a N % W's „ 4 2% 5 \ 
4 0 . 242 {ya . 
1 * 


" "Te * Fa ns ae 106 $27777 


a 


* 
— 


BF” by == om 07233900 = 5 8.091138 


N 73127 * 85 622855 
ane T7 266720 
"IL ul Kii. een 8. 422240 


0. 118733 


f 
4 Lk + P74 8 8 oy 5 25 | : 35 Wha "® * 4 ; 
> 4 he | D e N —— 7 + 
Hence EF = 4d — 1 = 0.122524. 
ü F S900 a ts AA we LILLE Y ITT THE 06 £ 
” U 
9 e 2140 — 644 + 0” 2 
Ei' = —=— o. 125441 
\ 3 . . 322 ; | , ON” 5 , j 


2E 1 = 0.118733 | 
e 3) o. 366698 | 
Eg =, 0. 122233 


450. the Falyea vr BY earn vi, | 7 
part 24. | = 


— — 


N 
' 
| 


3 
[1 
1% 
+ 
£ 
* 
if 
: 
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i 5 
14 
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4 + fem of commenfurable Tiberolls 42 
duced from dividing the octave into 
o egual parts, and taking-the lim- 
ma L = 5 of them, the tone T= 8 
and conſequently - the teffer- * LT 
213, the greater 111 22 = TS. 
"tbe 4 L+4aT=21, the VL T 


„ + 


229, Sc, according to the table 
_ of element (8), will differ. inſenfibly 
from the hy "ad of egual harmony : I 
mean wit h-regard to the harmony of 
the re r reſpettiv: ve Confonances in 8 


Qñ ?ö—•—r— — — 


Fer ſince L = 8 128 and the 1119, 2 T 
== T6 and the viii= 5TT2L = 50, w we have 
the 1112 T: III:: E 253 hence the 1119 
212 viii = I log. 2== X o. ZOIO2. 
99957 o. 096 32. 95962, * ſubtracted 
from the perfect 111 = log. © = =O. 09691. 
001 zo, leaves the temperament d. -000 58.04168, 
which is to the comma c log. = 55 = 0. 00539. 


50319 as 4 to 37 very nearly G Ned | 


i, 5 III. 
an TE. of the like reduction in * next 


» 
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8 48 : re 1 2 77 | 2 10 N ö 
1 temperam 1 Fel EE N and thoſe of 
a * 141 


the v and vid as in Fan 1, by prop. I1I. cor. 


1% 23. ox Ned I CE = 7 


| T:L . * 2 5 7 F. 8 — Aa: ATT of the TIT . 
vi1= 50 fof equal, Bar- ank of the beats made in any 
— — — — 


W +4 


* RIO TS. I ware 
.! AS Ee . 2 370 
2 
5 7 37 1 3 44 47 1 37 4 * 
FF e 7 
FC T 
"IC a: TP) ei KI £2 225 J 


4 14 : 4 — — — — 
: | „ | 
# 4 g N 4 L 2 4 3 — 5 — 
— 37 , 1 1 3223 rs CC a 43 Hee r 
q "tk. 4 * 4 N ; 
l * * 4 : by 
; © e IS, 


: 


9 
4 
7 
4 
, 
1 
i 
I 
{ 
: 
TIES 


— 
— 
— 
* 
++ 
0 
—— 
—— 
— 
SQ 
TY 
— 
LL 
S N. 
IS) 
I 


* ritmns - 


8 þ the cmnoinds.of the ſage name 
in this ſyſtem and that of equal harmony are 
not exactly eg y harmonious (4), and though 
the difference of an tinit in the largeſt number 
of beats made in a given time may be diſtin- 
ed by counting them; yet if the numbers 
E not ſmaller than thoſe in the table, the dif- 
a Jet in the harmony of the concords Nos be 
. deemed. inſenfible udees ; whic 
' thoſe only that Bf Fs os to the 
beats of coneords in tuning inſtruments. But | 
any one elſe _ be ſatisfied experimentally, by 


j a „ 5, 1 


k —_ | % - > 5 * *% by 5 13 . \- 
# » A 1 FY Ra $45 to} : Th „en ier 


'@ Prop. x XITL.* ed, nk wo if wy 4 i / 


$- 
* 


5s - HARMONISGS. m 


4 two 2 to the ny, baſe to 
in a Fe table. Ar 


Aan 


1 like manner if T= 5 dns then the 
-— octave 3'T'+2L is=31 and the temperament 
[+ of this ſyſtem, which Ange has adopted (2), | 
4 — dhe thur — | 
next | Ys 22 23 Em 4 


1 


to beat as 


_—_ 
* 


BY TH TAB LE UI. | 

| ' — — — x Yom. — —— —— — 
L: 8 1 TL 2 1 #5 4 

| hd 12 | VIII E 19 | viiI=31 ' 

* . . q Het 1 17 bk af y 1 T — 


* : . . 1 
— * 41 —UUü—U—ü —äe Yo . o c 1 


wa +2 | Re vi+ Expats; : 
' ren 2 40527 35 i Wer ia ih, 
Lenze 17 ; 


4 1 3 | ; 
TITTY. Wr _—— TT. TEX 


"On the Eontrary, if from the giy yen. tempera- 
ment of a ſyſtem it be required to find the ratio 
of T to L, 1 may proceed as. follows.” Let it 


be Propoſed to approximate to the ten of 


equal, hays where arb 5600 
1x do chen 


1160 8 harmonicus, at the * of his Works, or 
Hiſtoire des Ouvrages des Sgavans, Octob: 00 bag. 78. 
( F) Prop. xY1, Scholium 2, Art..9. 


* */ 


then fince EDI L = v11r, we have 2 L 


(vut—5T=) u- Em- wh met 


. ge: vu I-. 


To and this ratio, we have the 111 = log, 
o. 99691; 00130 and the cg co=l 


x 80 


=0.00539- $0319 and g e. 00059. 94480 · 


were 09631. © 03650 


2 n 8 


and - * 111— dee. 24%. 64125 and the 
VIII =log. 2 — o. . 99957 and 2 L= 


6. 


viii — X 23 o. oO. 35832, and 
laftly'T: L:: 963105650 : 60253 5832. oth 
Now the quotients of the greater term of th 


ratio divided by the leſſer and Sf the lefler E 


vided by the . and of the former re- 
Whence the ratios greater than the true one are 


KEE II to 7, 


of the propoſition, the temperaments of the ap- 


4 


© See Mr. Cute 5 Harmonia liehen, yl 3 
. 3 N N e 


N op 
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n 
£ 


mainder by the latter &c, are 1, 1, I, 2, 24, &c. 


8.00 fo $0 3+ Þ Io.5, fs 00 OR NS 


&c (g). 
Hence taking I to . ſucceſſively i in | thoſe r ra- 
tios, by the method uſed in the demonſtration ©. 


proximating rational ſyſtems will be found as in | 
e * e cle 


” 
. * 
/ - 
1 = 
= * 
” 
* * 
— * 4 - rden = 
1 * 
= - * 
# RN 
l * U Ne GE 
. kf 4 4 = * == 8 p N ' 1 +” * * 
EDT — . j, 7—7⏑r⅛ßꝓꝙięmſũę x ß —— — — — ph un — — 
oq 
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which way they differ from that of mean tones, 
Ta 5 as from wad of ae harmony in 
7.7 3 11 l wits 


[RIS aw. 


SECTION. var. ＋ 


The ſeale of muſical ſounds is lh er- 
pPlained and made cbangeable upon the 
bHarpficbord, in order. A play all the 


Aas and ſhar > ſounds, that are uſed in ; 
any piece of muſic, upon no ther hey 


ban r wee in common Wer > 


Ne 3.51 


"DEFINITIONS. | 


1 The 8 of a perfect octave being di- 

vided, in any tempered ſyſtem, into 5 equal tones 

and 2 equal limmas (5), the exceſs of the tone 
| above the limma is called a Minor limma. 

II. The difference of the major and minor Um- | 
ma is called a Dieſis. 

III. If the difference 'of the ride of two 
conſonahces to the ſame baſe be à dieſis, I ſhall 
call either of them a Falſe conſonance when ever, 

in playing on the organ or Harpſichord, it is ſub- 

ſtituted for the other which ought to be uſed; 

as it often is for want of a ces rnd ſcale of 
Banck in thoſe inſtrumentts. 

IV. The notes A*, B*, &c, Gonify ſoun 
which are . and At, Bb, &c, ſounds 

np ©... . which 


Þ See 40. rv art. * or r the an. 'of prop. ha or gs * 


* 2 * 3 « 
x e 
1 12 
wo 


> 
A. a 
2 3%? > 
3H 
nn. 
4 n 


. are fatter . a minor limma * the re- 
ſpective primary ſounds A, B, &c: And A, 
Ab, &c, ſignify ſounds whoſe diſtance from A 
is double the diſtance of 4 ® or rA. b from A and 
alike ſituated. 110 


„ Nin Fig. * or 1 The — of 
a perfect octave being repreſented by the circum- 
feerence of any circle (i) and ſuppoſed to be di- 
_ vided by the ſounds A, B, C, D, E, F, G into 5 
tones and 2 limmas, towards che acuter ſounds 
take the interval AA & equal to the minor lim- 
ma AB BC, and towards the graver take AA 
equal to AA, and when the like flat and ſharp 
ſounds are placed at that diſtance on each fide of 
the other primary ſounds B, C, D, E, F, G, every 
tone will be divided by a flat or a b found 
into a major and a minor limma, and by both 
into two minor limmas with a dieſis between 
them; and each primary limma, B C, EF, will 
de divided by a flat or a ſharp ſound into a mi- 
nor limma and a dieſis, and by both into two 
dieſes with an interval between them. 
2. Fig. 48. In the Hugenian ſyſtem the octave 
is divided into 31 equal parts, of which the tone 
is 5, the thajor Fm 3 the minor 2 and the 


= diefis x (#). 


Fig. 49. In me Stem of Equal abi the : 
octave is divided into 50 equal parts, of which 
the tone is 8, the major Hinma 5. the minor 3 
and the dieſis 2 (1). 


Wore, the former tone 18 to the laxer as 
e 2 


8 ; I. 
( 7 Sect. Iv, art, 2, , (4) Prp. xv11, ſchol, 1 8 
(1) Prop. xvii. © e De | 
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: 1 vrrI to = vnn, or as 12 5 to 124, and the former 
dies is tothe latter as ir to 50 or 25to 313 and 5 


ſince a quarter of a comma is about - 273" VIII (#) 
the former diefis - — VIII contains . and 


che latter almoſt 2 I 4 a comma. 


i | 

3. Fig. 48 or 49. In either of thoſe ſyſtems 

or any other of that kind, by going many times 
round the circle it will appear, that in aſcending 
from F continually by v the 7 primary notes 
will firſt occur in this ——— FCGDAE B, and 
then recur once ſharpened in the ſame order, and 
again twice ſhapened &c: Likewiſe in deſcending 
from F by vi, they will recur once. flattened in 
that order thus inverted, BY Eb AL D Gs Ch F, 
and again twice flattened &c : And theſe ſeveral 
cycles joined together make the following progreſ- 
ſion aſcending by vb; EU Bl, Fb C G D- 
Ab Eb Bb, FCODAEB, Fx C% Of: D* 
AE Ex Bx, FR * C M* Sc. 3 | 
4. Hence a Table of the minor and major con- 
ſonances to any number of Keys or baſe notes in 
that progreſſion placed in the firſt column (a), is 
thus deduced. Oppoſite to any Key as D write - | 
12 trebles E, E, F, Fx, &c of the minor and 
major conſonances within the viii in the order of 
their marks, 20, 11%, 3 111%, &c 1 3 of the 
table, which trebles are found by going round the 

circle; then place the fame progreſſion wo 28 


es 
. 055 Found by dividiog the "hy of 2 by bes- 8 | 
(u) Plate SI 


above and below the treble Eb in col. 2, as ſtands 
above and below E in col. 1; and having done 


the like to the other trebles E, _ the table 


is finiſhed. 


ow ace choad DAin col. I is equal to | 


| 2 Eb Bb in col. 2, it follows that in col. 1 and 2 


the interval 4 BU equals D E*; and the ſame 


may be ſaid of the reſt of the table. At the bot- 


tom of it the letters L, I, D ſignify the major and 
minor Imma and the dieſis as being the diffe- 


rences of the intervals marked at the top. 

F. As the organ or harpſicord has but 12 ſounds 
in the octave, whoſe notes are F, C, G, D, A, E, B, 
with F*; 'G*, G*, above; and Eb, B, below 
them in <6l. I; all the notes below EI in col. 1 
and in thoſe of the minor conſonances, and all 
above G* in col. 1 and in thoſe of the major 
conſonances have no ſounds anſwering to them 
in thoſe inſtruments; and are therefore excluded, 
or diſtinguiſhed from the notes that have ſounds, 
by-circles round chem, both 1 in the table and in 
Fig. 48 and 49. z 

Conſequently when: any « the uche notes 

DX, Ax, Ex, Bu, Fx x, Cx x, that are above 
G*, occur in a piece of muſic, as moſt of them 
1 often do, the muſician is obliged to ſubſtitute 
for them Wi ſounds of Eb, Bs, F, C, G, D, re- 


ſpectively, which being higher by a dieſis ( 


e fall W ( 25 
| | 12 - Likewiſe 


; 029 As appears ED Fig. 48, or by the collateral notes in 


the columns of ryths and 5ths in the table of conſonances. 
(2) Def. 111, 
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Likewiſe when any of the excluded notes 
Ab, Db, Gb, Cb, Fe, Bil, that are below Eb, 
occur, as forhe 'of them often do, the Ma "7 IN 
muſt ſubſtitute for them G*, Cx, F*, B, E, A. 
reſpectively, which being lower by's a dieſis mike . 
falſe conſonances. _ 

Hence the two dd K eys D, A. 58 
one falſe conſonance in each, and the numbers of 
them in the ſucceſſive higher or lower Keys, in- 
creaſe in the arithmetical progreſſion 2, 3, 4, 5, 6- 
Whence it is eaſy to collect that ſeven twenty- 
| fourths of the whole number of major and mi- 
nor conſonances in the ſcale of the organ or harp- 
fichord, are falſe; beſides a larger 1 of 
falſe ones among the Superfluous and Diminiſhed 

conſonances hereafter mentioned. 

6. The conſonances to all the Keys have E 
have no flat notes; becauſe Bl is the higheſt flat 
note in every column of minor conſonances, and 
is the higheſt of all where it is the minor 5* to 
the Key E. Again, the conſonances to all the 
keys below C have no ſharp notes; becauſe F& 
is the loweſt ſharp note in every column of ma- 
jor confonances, and is the loweſt of all where it 
is the major 1v® to the Key C. Therefore the 
conſonances to thoſe two and the intermediate 
Keys, CG DAE, Hays both flat and ſharp notes 
among them 

Hence it comes to pid chat che d 60 
to the 4 middlemoſt keys G, D A. E, which my 

I Seck. in. art. 11h, | fl 
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the open ſtrings of the violin, are all true, but 
not all the diſcords. 

; Buy adding a ſound for Ab, ev every one . 
the 6 lower keys Eb, Bb, E. C, G, D, will have 
one — conſonance changed into a true one, as 
s by inſpection of the oblique diagonal 
rows of Abin the table. Likewiſe by adding ano- 
ther ſound for Dx every one of the 6 higher 


keys A, E, B, Fx, Cx, Ox, will have one falſe 


cba changed into a true one. Now in this 
inlarged ſcale of 14 keys all the conſonances to 
D and A, the two middlemoſt, are true. And a 


like advantage will follow from giving ſounds to 


wah.” and AF, * two next exterior e and ſa 

- Therefore habit the . of the 5. 
dlemoſt keys to which all the minor and major 
conſonances are true, is equal to the whole num- 
ber of keys or ſounds in the octave diminiſhed by 
123 ſo that the 24 ſounds in col. 1. would be 


neceſſary to make all theſe conſonances true in the A 


12 middlemoſt keys. 

8. But beſides the major and minor conſo- 
nances in the Table there are others in the ſcale 
of Fig. 48 or 49, which I think are called Su- 
perfluous and Diminiſhed conſonance. 

The interval of a major conſonance augmented 
by a minor limma makes the interval of a ſuper- 


fluous conſonance; and the interval of a minor 


conſonànce diminifhed by a minor limma makes 
the interval of a diminiſhed conſonance. N 2 


1 3 i Thus 
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Thus the treble of a ſuperfluous ., 1 1 
vb, vid, viith, &c to the key F, is G, Ax, 
B, Cx, Dx, E x, reſſ iy, and the treble 
of the diminiſhed 20, 3% 4, $$; HB 19%) &e 
to the key B, is C5, 55, E, BY, G15 PI. 


keys, where the trebles are often! double ſhar 
and double flat ſounds ; but are all omitted 
the Table to avoid confulion by ng b 
r „ 1705 
9.1 have boeed-of bed me u üg 
ing the organ or harpſichord with more ſounds 
in each octave; int OH tr 
ſtrings for Al, Di, &c, and dividin 
of their ſubſtitutes G *, C*, &c, each 85 138 
keys; the longer of them for ſounding G x, C*, 
&c as uſual, and the ſhorter for founding . #, Di, 
&: and by doing the like for D*, AX, &. 
But this method of ſupplying the defeQs of he 
ſcale is quite laid aſide, on account of the — 
difficulty in playing upon ſo many keys wi 
extraordinary practice, and the penn, _ 
tive remedy is univerſally received. | 
Pl. xv n. Fig. 48 or 49. The oftave being al. 
ways divided into 5 tones and two'limmas; by - 
increaſing. the tones equally till each becomes 
double the diminiſhing limma BC or EH the 
dieſis, or difference between the major and mi- 
nor limma, will be contracted to nothing, which 
by Defin. 111 annihilates all the falſe conſonan- 
ces. But the harmony in this ſyſtem of 12 He- 
mitones is extremely coarſe and diſagreeable. * 
ET - - 7 74 3955 


* 


d in the ny 20 
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e ge read yi 


| add 3% 111 and 6 and Hu compounds with 


vu, are nearly ig, Land 8 - of a comma re- 


ſpectively 1 N in the ſyltem of equal har- 


mony they are £ fg Land: 3008 by which ſyſtem, 
as being the moſt harmonious, ! all other ſyſtems 


| ought to be examined, dean Now 
=; being much. leſs than =, makes the concords 


Ss ih eras. hers 
be; and 4. and 18 75 Kr 


; and 2, a 


parcels much coarſer than they ought to be, the 
to leaſt of thoſe temperaments being as great as 


thoſe concords can properly bear. 


Now for want of another ſound to terminate 


1 dieſis in- the ſcale, it is neceſſary in the tun- 
ing to diminiſh the dieſis till one ſound may ſerve 
tolerably for the other, and thus to approach to- 
wards that inharmonious ſyſtem of 12 hemitones, 
till the harmony of the ſcale becomes very 
coarſe before the 119 80 ae are TN, to- 

| ping (wh 


46649 Ly: 2 Ws That 


gag dag 114. col. 1. BE 7 . 
() Prop. xvr. ſchol 2. art. 10 and 125 a 
— (t) Prop. III. ſchol. h 2741 

(4) This is done b ſharpening, the major s laſs 
than the ear can well bear, whic inlarges the tones 93 
leſſens the major limmas and dieſes: or, becauſe any 

tones or 3 major 111d and a dieſis (as 40 C＋ CE + 
EG% + G% 465) e ee 
* BOY E 1 89 
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9. That this is a bad expedient for fupplying 
the. want of more ſounds, is farther evident from 
the Hugenian ſyſtem; where the ternperainett 
common to the vi and 30, & being > + ” 


110 


of 4 comma (x) is conſiderably greater than is 
ought to be, chat is, than 3 of a comma, as in 
the fyſtem of ry a arid yet the Hu- 
Fenian diefis is 2 4 of a comma (3), Which being 
conſidered as a temperarnent of the falſe conſo- 
nances and being ſo much greater than SE 


of a à muſt needs make koebledidodatice, | 
1 Having therefore been long diffatisfied . 
with the coarſeneſs of the —— of che 
true conſonances in the ſcale of our preſent in- 
ſtruments, which is ſo defective too that not above 
a ſeventh or cighth part of the beſt compoſitions 
made ſince Corelh's time, nor above. a third or 
fourth of his can be played upon it 5 — uſing 
many falſe conſonances; and being ſtill more 
diſguſted when theſe come into — as they of- 
ten do in the remaining two thirds or three 
fourths of Corellis works, and fix ſevenths or ſe- 
ven eighths of all the reſt; I was glad to find out 
a better remedy for both thoſe defects; at leaſt i in 
a ſcale of ſingle ſounds... a 
11. The ſtrings of the fore uniſbn of the harp- 
ſichord bein tuned as uſual to the notes of the 


| common ſcale 1 che e lower . let the 
ſounds 


WA) 8 XVII. Tab. 2. . * 11 . 4 
(3) N VIII. art. 2. 


\ 9 


founds of the Slack vn be a 
in the upper 


1 


Ab Bir An C- DU pe. c re- 


G B. 0 e F. 


[3 ds 9 
MAP £34 k 5 i BIS. 


Pen fnoe the jacks which ſtrike the. 


of any of theſe couples of notes, as G and A, 


ſtand both upon one key, by moving a ſtop here- 
after deſcribed, that key can ſtrike either ſtring 
yo without fon 


nding+the other : And fince 


before he begins ay it, can pak — 
7 on 

and either of them being + ce by che me ky 
the execution is . the ſame as uſual. 


ig example, if belidesthe ſounds Es, Cx, * 

| in the common ſcale, Du, AX, B*, B, Fax 
ſhould alſo our in a piece of n (a) move 

their ſtops, and their f 

keys of EY g F CG reſpectively, whoſe ſounds 
are uſually ſubſtituted for the ſounds required. 

over any 


will be ſtruck by the 


12. A mufician by caſting his e 
piece of muſic, can ſoon ſee what at or ſharp 


ſoundds are uſed in it which are not in the common 


tony and to ſave that trouble for the future, may 


write them down. at the beginning of the piece. 
eee 5 


a 81 1 "T3 
#4 1 LS © 3 


16 As appears by Fi 
(a) As in Corelliꝰ arch folo and Carbonel's 1114 &c. 


e 
line, ect ict es onthe 
| rear ora Av 0 eee 


the ſounds in any.couple are ſeldom or never 
uſed in any ſingle piece of muſic, the muſician 
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the outermoſt of them in their | | 
vos, ſhould be put in or not, leſt its ſubſtitute 
| ſhould occur oftener chan the principal found it- 
ſelf. If both occur, that which recurs 1 
muſt be in the ſcale.” But as both occùr very 
dom the matter is ſcarce worth notice- 

13. To ſhew by inſpection which are * eule 
conſonances in the Hatpſichord after any flat or 
ſharp ſounds are put into it by the ſtops; imagine 
the two middlemoſt tranſverſe parallelegrams in 
the Table () and alſo the circles * ding the 
notes which are not in the common harpſichord, 
F 

a. pane of glaſs laid over them. Then if the 
ſounds of D® and A for inſtance be put into | 

the move the pane two lines higher 

till the uppermoſt line of the two patallelograms 
bmp eee ended, 
tion the circles the Will cover all 
thoſe abt ite tale hich ac at's ths re 


ſent ſcale of the harpſichord, and ; on 
| falſe conſonances to every key. 2 

14. Thus you ſee how dd ny dogs ws 
= E or B, as free from falſe conſonances as D 
or A 18 in the common fixed ſcale; namely by 
putting in by the ſtops as many ſharp! notes above 
S in the column of keys as ſhall bring E and B 
into the middle of the 12 keys then in inſtru- 
ment. And the like may be done for any given 


. 


And 
(3) 1 xix. 


And thus a W 


fot can accompany. a voice with the pureſt and 


fineſt harmony in the propereſt key for the pitch 


of the voice. I ſay the fineſt harmony; becauſe 


this changeable ſcale may eaſily be tuned to the 
harmonious ſyſtem (e) which is impracti- 
Seen e e becauſe the 
dieſis would be ſo large as to render the falſe con- 
ſonances inſufferably bad (d). 


e e eee 


of à diente ear, gon ha the tone of a 
eee an 


ſons and octaves. 1 I have bon beak 
of that 
2 which how- 


] 2 Uniſons by themſelves or with an octave 
3 addition to the loudneſs of the tone, 
but not nearly in proportion to the nuinber of 
- Firſt becauſe the op 


of —— force of ſo many ſtrings, 


hinders the facility and duration of its tremors; 


and ſecondly becauſe in tuning uniſons or octaves, 
it is manifeſt that their tone is never clear, loud 
and flowing, like that of a ſingle 


when they are preciſely perfect. But as this per- 


| p nn. an a — litle ee e | 


2 {us 


4 82 5 NI. Kchol. 2. art. 10 and I 3. 
Set. viii. art. 2. | 


— 
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opinion, even before I thought of this 


preſſion of the bellß 


ſtring, except 


or with 9 — iel fo indiſtinct, 
vchat beating and j jarring: muſt reſult from their 
complicated mixtures in playing three or four 
parts of mulic? Eſpecially as the imperfections of 
the uniſons and octaves in the courle: 2 
are frequently added to the temperamente 


other conſonances, which if they were 
could not bear thoſe imperfections ſo the 
uniſons and octaves do when ſounded — 
ſelves (e). This confuſed noiſe, like that of a 
dulcimer, is but too plainly perceived when the 
ear is held over the ſtrings of the harpſichord; 
and ſince it reſults from the multiplicity of ſtrings; 
it appears that the beſt way o improve thisinftru- 
ment is to find out for increaſing the 
firength and cles met of the tene af fingls firings. 
17. To me, who ſeldom hear any other than 
en gle ſtrings of my own harpſichord, the tone 
ame | 
tatas but alſo: concertos a accompanied with inſtru- : 
ments in a large room. This indesd in whore than 
a perſon could expect who has ſeldom or never 
attended to the tone of ſingle ſtrings except in the 
ſhort prancs after the long continued: Fortes upon 

the full harpſichord. The reaſon is that the very 
ſame objects affect our ſenſes very differently in 

different circumſtances, as is very evident in at- 
yang to any other lation as * as. 2955 - 2 
unds. 


(e) Prop. : XIII. coroll. 8. 


f 
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unds. ( For inſtance; in coming out of a ſtrong 
« light into a room with the window-ſhutters al- 
moſt cloſed, we immediately have a ſenſation 


of darkneſs or a very little light, and this con- 


< tinues much longer than the pupil requires to 


e dilate; and . that weak de- 


CY 


der the 


in the fi 


as gree of light, which is almoſt inſtantaneouſly 7 


done. But after ſtaying ſome time in theme 
cc ora much darker place, the ſame rom which 
« appeared dark before, will be 
This obſeryation is plainl plc ſounds, 
and amor of e ther ſenſes mi 
{cen in Dr. Jurin's Eſſay on diſtinct and adiſt 
a 0 de of 10 Optics G. 


= 
WW — — X2 188 — 1 } 


1 18. . abel, ſhthongninhy ends 3 
am 2 ready made, where- 
to experience the truth of 4 * 


obſervations. £11 ORE 


aj Sa 


e YEW" _ ; 
MEY2 C25 1950104 


| Pl.xzn1. The66%figui repreſents the heads 
| 2 x of two; jacks ſtaniling as — yo 


key, 3 ways un- 

fide of as Gx and 
— being — And 
a a ſmall. braſs quare of che ſize 


A, the 
ales 


thin — 2 e het 


Hl and the longer leg bced, be- 


| eee 


ing placed directly over, and parallel tothe ne 


(7 et 


ht.“ 


,” whoſe ſhorter leg ab is made very 


Ea: " 1.9 LE — 9 
— MT. 7a a. TEES GAEX 4 
2 — — — 


q N , &ce in the bottom of — 


10 &c, 

nuts R. &, &c muſt be ſkrewed upo n the. 

necks, to keep the lid tightiſh upon he longer leg 
of the ſquare a bed and others of the ſame fize. 


height by holding down their ke 


„ -HARMONIOS, 8e. VL 
- four ſquare, and ſlides lengthways — 


notches at c and 4 made in 3 ſides 
Feg, hui of a long braſs plate turned up like the 


ſides of a long ſhallow trough, which is ſupport- 
| e b. ee 


2 e bed of th the 2 


N 21 LET BEL iin 1 . 


pie have long neoks palſing 


and the nuts 7, 5, &c are ſærewed upon the necks 


. down to the bottom, to hold it faſt upon the 
1 ſhoulders of. the pillars. Andi a braſs lid FG HT 


with oblong holes RS, & correſponding to r, 6, 
being laid upon the tough. /g hi, the: Abe 


A lit mn is made in the lid for: a ſhort rund pin 

e in the longer leg cd to come thro it, and to 
move in it to and fro by a touch of the finger laid 
upon the pin. There muſt be as manyſuch ſquares 
as keys or couples of jacks, and the trough. and 
lid may be each of one piece or oonſiſt of tua or 
three pieces 1 at the necks of the 
r Roy where elſe. n in PETE Nö 

- While x oy chemi 3 


ger laid upon the pin e puſni N — 
the far jack and ls the edge, 7 — 
r » 


{1597 


is aut. * 


% 


* 


me leg ah; and after the ſquare-is drawn back, 


make ſuch another mare upon the edge of the 1 
neat Hick: Then from a'ſmiall lender pin cut off 


. d ling belt 5 ee Dur 


| Jet —— Jack: 5 
A 9 
ing about half of it vid in the middle” 


the oppolits end, 


_ 1 20199 
Non when the two jacks are agnin raiſed by 


their key and-kept at their full de by draw- 


ing the ſquare backwards witli your ee laid 
upon the pin'e in the longer leg Frm — wr 


45 will come under the! pinin th new Apr e | 
firing 


keep it ſuſpended with + wth 


*, which thee bs fide while he far 


jack lays alone upon the ſtring 4+; or, by puſh- 
1 ſquare forward with wir Rants e, the 


1415 will go under the pin in in the far jacek, and 
ſuſpend its pen above the ſtring 46, while the 


en alone upon the ſiting G 
"When all the ſtrin 7 ds bat urin ure 
tub to the notes in the upper line in art 110 wh 
"their jacks muſt be ſaſpended on the ſhorter legs 
of the ſquares; and then all the fore jacks will 


ſtrike the ſounds of the vulgar ſcale; and when 


ocher flat or ſharp ſounds are required in any piece 
0 — ** 
ing 


op. XVII. HARMONTC s. 17 


een the two jacks, 1 leav- 
of the 1 e n | 


— 


* - * * - * — _ O — - - _— 
2 2 — . . 2 — — — — 2 8 = 2 = FLIES = : 
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— | 
EE 
5 EEE | 
-may play upon them without removing this me- 
provided you firſt draw every pin e to- 
. r 
till it be oppoſite to the angular 0, and then 
ppt ohne pi nous 4 


chorter legs of the ſquares. If that middle ſpace 
be too narrow, try whether it may not be ao 
d alittle by ſeparating the flidgrs with ſome very 
thin wedges put between them: perhaps a little 
may be planed off from the back « wage "the 
Aliders without hurting them 3 
II have deſeribed this — to fully, I 
| in b, _— any man who works true er may 

y apply it at a ſmall expence to arpli- 

chord ready made, and take — with-. 
out the leaſt damage to the inſtrument. I have 
uled it ſome. years in my own harplichord with 
great pleaſure and no other inconvenience than 
chat of removing the muſic book in order to touch 
9 W 
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a little preparation muſt be made in the fabric 


of a new harpſichord, is quite free from that in- 


convience, and changes any ſound together with 


5 C00 
| Cm” 3 * 


19 9. To e's a new derek 1 
"the ſounds being changeable” at plea- 


ure, the uſual ſet of leys ſhall imme- 
diiately firike the proper ſeals oy: ay 


prope Piece uf naſe. e 


Pl. xxvl. Fi 67. 2 
oh jacks which in every octave belong to the 


notes A, B, D, E, to be taken away from the ; 


fore uniſons of a common harpſichord; the re- 
maining pins, ſtring and jacks will be ſufficient 
for the new ord. | Let the ſounds of theſe 
firings be altered to the notes here-placed by the 


tides of their pins, and let theſe notes be written 
an the pin board of the new harpſichord; and 


that che tones of the ſtrings ſounded by the jacks 


in each row, may be as like each other as poſſible, | 


let the: tongues of the new jacks: be put as near 
as may be to their inner edges, and theſe oppoſite 
edges be placed in the new flider as near as may 
be to one another, as repreſented in the figure. 
Each of the keys, 4; B, D, E, chat moves but 
one jack (which therefore muſt be made as heavy 


nh lead as two of the other jacks) ſtrikes always 
one 2 the ſame n_ But each. TL 5 


be - 3 * wy - 
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hand, and all the reſt towards the | 
will ſtrike the ei ight changeable ſounds in the vul- 
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ing keys, Bl, C. Cx, El, F Fx, G, Gn. which 


moves a couple of jacks, is intended to angel 


ther of their firings alone at pleaſure; that is, 


A* or Bb, B or C, CM er Db, D or Bb, 


Ex or F, Fx or Gb, Fx x or G, G* or Av. 
Pl. xxvIII, Fig. 70. I think the beſt way to 
do this would be to have eight ſtops or braſs 
knobs ſkrewed as uſual on the ſhanks of eight 
draught wons made moveable in eight ſlits cut in 
the fore board of the new harpſichord :* But to 
fave a quarter of the labour and expenſe I propoſe 


do do it almoſt as well withonly fix, that is, three 
at each end of the fore board, as in the figure: 
where the notes of each couple of the 


changeable 
founds are written on oppoſite fides of each knob, 
to the intent that the ſound or ſtring ſignified by 
this or that note to which the knob is puſhed; ' max 
be ſtruck alone by the key belonging to both the 


notes, while the other ſtring is filent. And fince 
eight ſounds are intended to be changed by fix 


knobs, each extreme knob is deſigned to change 


two ſounds at one 8 


ple of ee e- e e | 
the ſame rule as before. 

Hence by-puſhing the two outermoſt 8 
the baſe end of the fore board, eee 
left, the keys 


gar ſcale, namely F, C*, G, Eb, Bb, F, C G, 


eee eee 
the contrary way: . e r op ockrg 
are fixt ſounds. 8 51 715 2 
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The notes of the cha angeable ſounds are placed 
in ſuch an order, 3 the ſounds belongin — 
the notes on the ſame ſides of the ſucc 

knobs, continually aſcend or deſcend by oil _ 
in the Table of keys and conſonances in Plate 
XIX. Becauſe this order will be found much more 
convenient for altering and adapting the Scale to 


different pieces of muſic, than, the alphabetical, | 


order of the ſame notes. 


No this deſign may be executed as follows, 


Pl. xxvi. Fig. When the pens for the back 
uniſons are put under their ſtrings, as denoted in 


the figure, and thoſe for the fore uniſons are dran 


off from theirs by the ſtops of the common harp- 


fichord, the jack holes in the two parallel rows 


have the ie fituation with reſpect to each other 
a8 they are intended to have in the new ſlider, 
FO ej as already obſerved that the ſpace between 


the two rows ſhould: AA 


the common harpſichord. 
e e ae of 
all the jack holes be made upon a lon Rog 
Plate, part of which draught is repreſent 
re, it may ſerve as a general pattern for 4 


ing the new {liders, or at leaſt to give a clear con- 
ception of their dimenſions, which a workman 
may execute in what mantier he pleaſes, In or- 


det Gen ier i Epng gage nth ferred thy « 


mill be made equal to each other in all their di- 


menſions. La auiocerrnpavily; rang 
rather longer at . > 6-9" 
do eng and che Pread 1 8 8 


1 
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leaving a pretty ſtrong margin on the outſides of 
the jack holes, and then the thickneſs, after the 
work is finiſhed and poliſhed on both ſides, need 
not exceed a twelfth of an inch. 5 
Fig. 67. In the 14 plate or flider the oppoſit ite 
holes for the jacks A& and Bô and all their oc- 
taves, being made equal to thoſe in the general 
pattern, let all the reſt be made wider on each 
fide, than thoſe in the pattern, by a twelfth of an 
inch, as repreſented at No 1, below fig. 67. | 
In the 24 flider the holes for the jacks B* and 
and, to ſave another ſlider, for F&M and G be- 
ing made equal to thoſe in the pattern, let all te 
reſt be made wider on each ide, than NE in 


the pattern, by - —of an inch, as at No 2 


In the 34 ider the holes for the jacks 2 =" 
Ds and, L fave another ſlider, for #* and G 
being made equal to thoſe in the Pattern, Om 


all the reſt wider on each fide by'= of an inch. 


In the 4¹ ſlider the holes for the jacks D* —* 
Eb, and in the zu ſlider for E& and F, and in 
the 6% flider for G and Al being made equal 
to thoſe in the pattern, let all the reſt in each ſli- 
der be made wider on each ſide, TER thoſe i in 1520 


pattern, by fg of an inch. 515 
| eil. Fig. 68. An Ade ſocket 57 beta 
Wade of wood as uſual, that is, with jack holes 
directly oppoſite to one another but nearer toge- 
ther as already obſerved, and being placed as near 
to ns - as may * 155 an upper ſocket 7's ow 
8 ma 
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made of braſs, exactly equal. to the pattern in 
fig. 67 but without the notches for the tongues to 
play in; in which ſocket let every jack hole ex- 
cept for A, B, D, E, be made wider on its left 


* only 7 75 of an inch. 


Leave 12 Or half an jack | in height al above this 


upper ſocket rs, for the fix ſliders numbered 
-I, 2, 3, 4, 5, 6 as above, to lie upon it, arid let 


all be ſupported as uſual by a coir of boards 
fixed underneath. + + | 


All the jacks being put thio their holes, this 
68" figure repreſents a view of their edges and 
of the widening of the holes on each fide, as they 


would appear to a diſtant eye placed at the fore 0 


end of the harpſichord, ſuppoſing the fore board 


and fore 2 of the fockets and {uders were 
taken away. 


Wben the two 3 A. s are ſo ahl 
ed in their places that the ks A, B, D, E ſtand 
upright and ſtrike their ſtrings, fix the ſockets in 
that polition at one end only, that the ſhrinking 
or fwelling of the harpſichord may not bend or 
ſtrain them. Then puſh all the ſliders towards the 
Tight hand, till the pens on the right hand of the 


other jacks in the ag row ſhall ſtrike their ringer 
too. ſee alſo fig. 67. 


Ihen if any ſlider be drawn back again, which 
the widened holes will permit, it will draw back 


the jacks in its narrow holes only, without ſtirring 
the reſt, and bring the right hand pen of the far 
M 3 =. 


e 
* ' 5 2 -» £ 
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jack from under its ſtring on the right hand and 
t the left hand pen of the near 125 under its 


© Nrring on the left hand; and then this latter 12 


will be ſounded alone by the ſame key while 


former is ſilent. 


The holes in the ſliders for the Icke B, D, E, 
Which have no motion ſideways, need de Wi- 


dened on their right ſides only, as repreſented by 


the ſhades; to make room for the Alete to move 
towards the left hand; but if they be idened on 
both ſides, according to the general direction 
above, no inconvenience will follow from it. 

According to the uſual breadth of harpſichords 
the compaſs of our ſcale may un be 0 
Able G up to e in alt. 


Pl. xxvIII. Fig. 69. When this the fliders are 
laid upon one another in any order, provided they 
coincide in length and breadth (and keep fo by 
two pins put thro' two columns of holes at their 


ends) three round holes muſt be drilled throu 
them all in the vacant places at æ and /, oppoſite 


do the jacks & and d in alt, and at ma little above 


wi alt; and the hole atk nile 1f flider,at /in the 
zF* „as numbered above, and at m in the 2 re- 


- maining round, all the reſt muſt be lengthened 
by inch on the right hand and by as much on 


5 the left, to the end that a ſteel pin put thro' the 
oy WR hole in any of thoſe ſliders @) may draw 


IIK | it 
to 86e dats numbers! in the lower line of Fig. 70. 


Aut. 19). HARMONIC. 183 


it on either fide - 2 of an inch, without moving any 


other ider. 

Oppoſite to the centers | the round holes at 
z I, n, and at the diſtance of about an inch and 
half from each center, are three other centers 
u, o, p upon the pin board, where two concentric 
circles are drawn about each, one with a radius 


about 3, I's and the other about 700 8 3. of an inch. 


Each larger circle ents a braſs plate having 
a cylindrical neck whoſe baſe is the leſſer circle 
and height about a ſixth of an inch. The up- 


half of each neck is filed ſquare and a ſkrew . 
le is made in the middle of it. The round 


plats, o are ſkrewed upon the ſurface of the pin 
| ard with flat headed ſkrews funk below the 
ſurface of the plates; but the plate at p is firſt 


let into the pin board as deep almoſt as the plate 
5 5 thick and then is krewed down. 


Three ſteel pins made to fit the round holes 
k, I m in the 18, 5% and 24 fliders, already men- 
tioned, are riveted to the far ends of w_ flat 
draught irons N, O, P, and each pin is kept firm 
to each iron plate by a ſhoulder below a a Ace- 
lar above. 


Cut three ſlits in the fore board at F. 4: 7, 2 ö 


realy oppoſite to the centers u, o, p, and wo 
put the ſhank y of the ſtraiteſt draught iron 


thro the lit r, and its ſteel pin into the column 


of holes in the ſliders at , and the large cylin- 
' drical hole P over the heck p which juſt fits it; 
| by moving the ſhank ſideways the 20 ſlider which 


M 4 has 


4 \ 
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has the round hole, will be moved alone by the 
ſteel pin. And to keep this ſlider from being ſtir- 
red by a like motion of thoſe above or below it, 
a braſs waſher, or circular ſpringing plate, whoſe 
diameter it equal to that of the braſs circle below, 
is fitted tight upon the ſquare part of the braſs 
neck and S xeſſed down upon the draught iron 
by a ſteel ſkrew ſkrewed into the hole ? in the 
middle of the neck. _ 

The other two draught irons 0 N are made 
crooked to go round about the end of the bridge 
and the extreme pins in the pin board, and are 
Placed in like manner as before upon the braſs 
circles o, u; that upon o having another large 
hole wide enough to receive the ſkrew head at 
P and to give liberty to its own angular motion 
about the neck o. The hole at N in the third 
iron plate being put upon the neck and over 
the two former plates, has two other holes wide 
enough to receive the ſkrew heads at o and p, and 
alſo to afford room for its own angular motion 
about the neck 7, the planes of theſe two iron 
plates being ſet off upwards with cranked necks 
in order to move them above the other plates. 


Allowing — — of an inch for the motion of any 
ſlider, or pen "of a jack, the motion of any iron 
ſhank at its lit is to = of an inch, in the given 


ratio of pf to p n, which motion is therefore de- 
tzrmined; and the breadth of any ſhank at the 
flit added to its motion there, gives the length 9 
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_ theſlit, which length, if experience ſhall require 


it, muſt either be augmented,” or blocked up a 
little at either end or both, no achuſting the Pro- 1 5 


pet quantity of the flider's motion. 

In the-like vacant pures at che baſe end of 
| the {liders, three other columns of holes muſt be 
drilled thro' them all, and the holes in the 30%, 
6* and 45 ſliders remaining round (þ) all the 
reſt muſt be lengthened on both ſides, on pur- 
poſe to draw any of thoſe ſliders ſeparately (with- 
out moving the reſt) by ſteel pins fixed as before 
in the ends of three other l irons, of ſimi- 
lar ſhapes to thoſe at the treble end: the ſtraiteſt 
being next the fide board and funk down a little, 


the 2 going over it, and the 36 over both. "_ : 


that the draught irons move under the 1 gs of 
the harpſichord. * 

Fig. 70. Two ſliders ben gi faved, two ane he 
longing to two extreme notes at each end of the 
two progreſſions by vd, are changed both toge- 
ther by the extreme knobs, rather than any two 
belonging to the intermediate notes. For as the 
extreme ſounds G and Dò, or B& and F**, are 


ſeldomer uſed than any of the means that are out | 


of the vulgar ſcale (i), if either of their uſual ſub- 
ſtitutes, F* and Cx, or C and G, which are both 


excluded by the principals, G5 and D#, or B* 


and F**, ſhould chance to occur and interfere 
with them in the {ame piece of muſic, it "Bar 
t 


- (b) Hee thoſe numbers in the lower line of Fig. 70. 
(7 oY See the Table in Plate xix. 
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| that eee, tice in = 
former than in the latter caſe. 

Upon communicating this method of changing 
the ſounds of a harpſichord at pleaſure, to two 0 
the moſt ingenious and learned gentlemen in this 


Univerſity, the Reverend Mr. Ludlam and the 


Reverend Mr. Michel, they encouraged me to put 

it in practice upon a harpſichord made on pur- 
poſe by Mr. —— and were ſo kind not only 
to direct and aſſiſt the workmen, but alſo to im- 
prove the uſual method of drawing the fliders in 
the accurate ſteady manner above deſcribed j 
which anſwers the deſign ſo well, chat a muſician 
even while he is playing, can without interrup- 
tion change any ſound for another which he per- 
ceives is coming into uſe : which however is ſel 
dom required if the ſcale be gr N be- 
bor he begins to play. 

Nah mie. be unifi-eo obſerve that a careful 
er might fave ſome time and labour, if 
inſtead of widening each hole in the fliders ſepa- 
rately, he ſhould pierce out ſome long holes be- 
tween thoſe couples of narrow ones which move 
the jacks ; leaving a few ſlender croſs pieces here 
and there to add ſufficient frength nn 
while he is re it. | 
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N SECTION. Ix. 1 if 
Method of Tuning an organ and other 1 
inſtruments. 3 it 
PRACTICAIL Prin CIPLE Beata. - i 
I. A conſonance of any two muſical ſounds } is i 
imperfect if it beats or undulates, and is e q 
if it neither beats nor undulates. | | 
II. Any little alteration of the interval of a per- M 
fet cn et makes it beat or undulate, flower | 


or quicker according as the alteration is ſmaller | 
or greater, ; 
: Mis If the interval of a perfect conſonance be 
alittle increaſed, the imperfect one is {aid to Beat 
Sharp; if a little diminiſhed, to Beat Flat (&). 
IV. An imperfe& conſonance will be diſco- 
| vered to beat ſharp, if a very ſmall diminution of 
its interval retards the beats; beer fat if any 
diminution accelerates thetn. ot 
V. The harmony of a conſonance is the fineſt 
and ſinootheſt when it neither beats nor undu- 
lates, and grows gradually coarſer and rougher 
while the — are gradually accelerated by you 
{mall alterations of the intervall. 
1. VIA {mall alteration is ſooner perceived in 
the rate of beatin than in the harmony of a con- 
ſonance, and a both muſt be adele n t 
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( Bee Schol. 5. to Prop xx. in the Appendi 
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an inſtrument, eſpecially the harpſichord, where 
the beats are weak and of ſhort duration. 
VII. If any imperfect conſonance be ſounded 
immediately after another, an attentive ear can 
determine very nearly whether they beat equally 
quick, or elſe which of them beats quicker, even 
without counting the beats made in a given time; 
- eſpecially upon the organ, where the beats are 
ſtrong and durable at pleaſure. 

VIII. If ſeveral imperfect conſonances of the 
fame name, as vil for inſtance (by which the 
whole ſcale is uſually tuned) beat equally quick, 
they are not equally harmonious ; to make them 
fo, the higher in the ſcale ought to beat as much 
-quicker +: 454 the lower as their baſes vibrate 
quicker ; that is, if a vi be a tone higher than a- 
nother, it ſhould beat quicker in the ratio of To to 

9 or of 9 to 8 nearly; if a 1114 higher, in the ra- 
tio of 5; to 4; een higher, of 3402; 15 an 
 -vini® higher, of 2 to 1; &c. 

IX. Pl. xx. Tab. Iv. v. Beginning at dup richs as 
Gof the undermoſt progreſſion by tones, if two 
_ aſcending vd G d, da and the deſcending vii 
4.4 and the two next aſcending vi® Ae, eb be 
all made perfect, the vi G e, d and the x 
G6 will 2 found to beat ſharp and ſo quick as 
to offend the ear by the coarſeneſs of their har- 
mony compared with that of the vw. Which 

ſhews that in order to make all thoſe concords 
and their complements to, and compounds with 
VIII more equally harmonious, the — 
15 8 ; of 


TY? 
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1 equently of che v1® and x. 
| „ 
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COLETTE TT en OO 
7 tuni ng an organ or i Oh. 4 
oem mation and judgment of the ear. 


e Pl. a XX. Tab.! v. „Alter facceliivaly 'the nelle 
of the aſcending v G d, d a till thityibeat flat, 
the lower vt very ſlowly and the higher a little 
quicker ; and the deſcending vui* a A being 
made perfect, alter the trebles of the next aſcend- 


ing vin Ae, eb till they beat flat a very little y_—_— 


er than the two former reſpecti ei. 
Then if the xh G, between che baſe "Fihe 


firſt and treble of the fourth vi, beats ſharp and 


about as quick as the v G d to the ſame baſe, 
thoſe 6 notes are properly tuned for the defective 
ſcale of Ou and een in common 
uſe. 

But if that x* G b beats ſharp! confderably 
eren than the v G d, every one of thoſe four 
v G4, da, Ae, eb muſt be made à very little 


flatter in aner to boot a very bittle quicker than 


before. | 
On the e if the xth Gh beats ſharp, 


conſiderably flower than the v G d, or not at all, 


or flat, thoſe four . we. 2 
beat flat a very little flower in the firſt caſe, and 
ſtill lower! in the ſecond * thisd caſes; till an 
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;of beat of the aid 3® and v® tothe ſuns 
baſe G be nearly obtained. 

In like manner, the deſcending vid 4 B "ray 

ing made perfect, let the two next aſcending vb 
Bf*, fu eM be made to beat flat @ very little 
quicker than the v®* Ae, eb reſpectively, ſo as 
make the xe beat ſharp about as quick as 
the vb As to the fame; baſe. 

Laſtly make the 1110 e g* beat as quick as be 
vb eh to the ſame baſe: Becauſe: the 111% beats 
juſt nee xn to the ſame baſe, of ne- 


| Ie had be W n e woe £34; 5 


have been tuned by aſcending 
two vo 2 an viii alternately; but 


FF 
backwards from G, aſcending by an vii and 
e by two vi alternately, as follows. 
Let the acending vl G g be made period, 
and by altering ſucceſſively the baſes of the de- 
ſcending v gc, c F, make them ie ee 
little ſlower than the vh a d, d G reſpeftively, 
ee er v7 IR e 
F beat equally quick; and thus two v 
are properly tuned, e eee Gia 
notes direct. 
Then tune ne perfect vile. to every one of thoſe 
an. 
2. Pl; xx. Tab. v. te ieee eee 

changeable eule Y having put out all the ſounds 
Wen e eee 


A 


(. ect vIII. art. 1 , 18, 19. 


LIE, it is the ſame as before, ob- 
ſerving only that every one of the four ve, as Gd, 


da, Ae, eb, muſt beat flat 4 very /itth quicker 


than before in the common deſective ſcale; till 
every vd and vis to the ſame” baſe beat equally 
quick, the vi flat and the vi ſharp, as G d and 
Ge, da and 40, Ae and Af u, Bc. and theſe 
being ſo adjuſted,” Xx and 1114 as G and 
GB, df *, Ac x, eg, een 
5 they ou ght to do, 615 
Likewie in tuning "MAID, 4 Ge or g,the 


deſcending vn g c,, c Erauſt alſo beat flat a 2 772 
little flower than a 4, dG reſpectiveh, till 


and vr to the ſame baſe, as cg and c a, Fe cand Fg, 


&c beat equally quick; and theſe being ſo adjuſt- 


BARD, and 111% as Fa and Fd. &, will heat 
ed, Bk „ ds they t. Then having 

the Pas, 6 the common 25 

change B42 EC, &. D and all their 8% in- 

„A, E#, B, F*X*, C** and their 8%, 

5 acting to the 90 in ere 15. Pl. . 

proceed as before to tune the re e aſcending 
yy G n A * &c. 

Laſtly change 885 Ox, Fx, &c-and their 80. 


into. Ab, Ds, Gl &c and their Zehe, and according 
to the notes in the ſame Table proceed as before 


to tune the reſt of the deſcending wet At. 
a 4, db G. &. 4 SBr1t HOLY £5 © Its, 
Bus if 4) be the ER PEARS 


ment, alter the baſe of the v Al eb till it beats 


pod J, as faſt as the vr "TOR ſharp; 
5 2 
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likewiſe alter di till thev® db ab beats flat ind jul 
we thu nent r- 8 
Then put out all the founds but thoſe of the 
common ſcale, to be changed again as:occaſions; 
ſhall require; and the harmony of the whole will. 
be much more delicate than uſual in the opinion 
of ſuch judges as can diſtinguiſh when . 
» One and WEE GONE . 


— 


| PROPOSITION: 


2 . the Hitch of an argon 5 a 
"THE FIRST METHOD. 


»  &-& 


a 50 the following experiment made ME a var 

organ at Trinity College, I found that the | 
ticles of air in the r ipe called 
de-la-ſol-re in the middle of the open Foo 05 

made 262 complete vi vibrations, or returns to the 

Places they went from, in one ſecond of time. 
And this number of vibrations i is wh at I call the 
Pitch of the Organ... 

Having ſuſpended a' braſs weight of Wen 
pounds averdupois at one end of a copper wire, 
| Tat uſed for ſome of the loweſt notes of a 

charpſichord, I lapped the other end round a 4 
taken from a violin, that turned ſtifly 1 in a 8 

made in the wainſcot near the organ. Then by 
we 1 _ 


mr <4: as 


( A) See * xx. Schol. 1. art. 5. 
4 See the notation, Tab. Iv. Plate xx. 
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ened the vibrating part of the wire, till it und- 
ed a double octave low this found of the pipe 4 
abovementioned. Then having meaſured the 
length of the vibrating part of wire, while 
ſtretched by the weight, from the loop below to 
the under ſide of the and added to it the ſe-. 
midiameter of the pe > Tink the wire, firſt at the 
point of contact with e fide of the peg, and then 
aàt the loop below; for I found no need of a bridge 
either above or below. And having repeated the 
experiment with another piece of wire taken from 
- groan I found no . difference ei- 
_ - ther in the length or weight of the vibrating part; 
— the length 2 — 8 5.5 3 8 and the weight * — 4 
1 grains troy; and the ſeven pounds averdupois A. Ac. eel il 
that ſtretched it, was equal to 49000 grains troy, _ 4 
allowing 7000 for each pound. Vu ll 
HUende by a Theorem heteafter demonſirited 7. 4708 4 AN 
(o), the number of ſemivibrations, forwards and 2 1 
. backwards together, made by the wire in one ſe> tn eo 
cond was 131, and the number of ſuch vibra- A I 
tions made by the air in the pipe d, two octa vs  _- Þ 
higher, wa eg 4x 131 G and 55 the number of be 64 | 
Ar e . 2 * 35 r 2 uud 2 ne 9 i 


way pan # * 7 * * * 
tend S.. 4 +» |: ; » * * 
8 Rd EL YE Wood ̃—˙¼·/xx—x2—T.. . . do 77> 35-06 id. * * : , 
ſl ol bd 5 < * „ * F 
. a * mm ” - , 4 
— : A i 
gs, ; . 
4 » — * S . * 7 4.5 5 
: ? "> 8 Eo WEST, 1g L 89 


11 1 3 7 Dm : Wn; E: pg # 2.9% % 8 N 
* * * 13 er! a 44 . 5 ; 
* - 
” ; G 
Oo PG ran Oe OE. Aber n,, p ¼¾—6?. ...... 


J made that ex 1 [Zin 
tember at a time when the thermometer ſtood at 5 
ER W 
. N | But 


9 Prop. xxiv. coroll. I, 2. (2) Sect. 1. art. 32287. 
Sect. 1. art. 12. | 


"| £ Mg 
2 


> 
. 
r 
n —  —_— 
— ods Yo IE 


. r 
— —ͤ—-— rc , 
—_— — ! — 


; 


* 


9 


ted from another experiment, that 


or about 2 of che mean tone and ag 
5 with the forego oing 
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But upon a cold dayi in November I found by 
a like experiment, that the ſame pipe gave but 
254 complete vibrations in one ſecond; ſo that 
the pitch of its ſound was lower than in Septern- 


ber by ſomething more than - of a mean tone. 


** 


And upon a pretty hot hg in Au 728 I collec- 
ſame pipe 
gave 20 8 complete vibrationsin a ſecond of time; 
which ſhews that its pitch was higher than in 
November by almoſt half a mean 8 * 
By ſome obſervations made upon the contrac- 
tion and ex panſion of air, from its greateſt de- 
gree of cold in our climate to its greateſt degree | 
of heat (7), compared with Sir Iſaac Newton's 
theory of the velocity of ſounds, I find alſo that 
the air in an organ pipe may vary, the number of 
its vibrations made in a given time, in the ratio of 
15 to 16; which anſwers to the major hemitone 


nee Very well 


1 3 F 4 : x. 0 
* 28 : LE 


Corvll. ** order e RE the pitch of an. 


organ vaties;. and when it returns to the ſame 


again, it is convenient to keep a thermometer 85 
ſtantly in the organ caſe. 1 


(r) See Mr. Cotes's' wk Lite TIN Hydroſtat. and 


© HORNE: towards the end. 
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"THE SECOND METHOD 8 
45 finding the pitch of an organ, or the 


number of vibrations made in a giver 
time by any given note. 


Let the notes C, D, E, F, G, A. B, c, di e, f, 


g, a, B, c, be in the middle of the Kale, and 


from any Baſe note not higher than D, tune up- 
wards three ſucceſſive perfect vu DA, Ae, eb 
and downwards the perfect vit bg; hen havin 
counted the number of beats made in any given 
time by the imperfect viii Dd, the number of 
5 vibrations made in that time by its dan 
4. will be 81 times that number of beats. 
For example ſuppoſe the vin®. Dd be "I to 


beats — in 2 then 8 165 or 5265 


is the number of complete vibrations miade by 


the treble Jin 20 ſeconds; and 3 and d or 263 is the 


number made in one ſecond. * 


"The time may be meaſured . by a ma 


that ſhews ſeconds, or a pendulum-clock, or a 
ſimple pendulum that vibrates forwards or back- 
Wards in one ſecond, whoſe length from the point 
of ſuſpenſion to the center of the bullet is 39 
inches and one eighth. And the perſon that ob- 


ſerves the meaſurè of the time muſt give a ſtamp 
with his foot at the beginning and end of it, 


while another perſon counts the number of the 


beats made in that time; which number dimi- 
ME. -- | miihed 


. nnn 
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** 


, 2 D . * 9 be 
— l I WE Lb te ep — ee : 2 ä = wo _— n re __ wa" bag - . - 
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niſhed by one, 1s the number of the als be- 
tween thoſe ſucceſſive beats and properly ſpeak- 


ing is the number required. For greater accu- 
_ racy the experiment ſhould be repeated ſeveral 


times. and « modium taken . _ ſeveral 
reſults. Ph 


DEMONSTRATION: 
| Bar if cho. notes. D, E, E &, Rand. ke 


times of the ſingle vibrations of their ſounds, we 
. 

123253 y COM ra- 
tios we have D: :: 81: 40, which ratio being 


reſolyed into 81 : 80 and 80: 40, ſhews that 
the viii Dd is tempered ſharp by a comma. 
Whence in caſ. 1. Prop Als, putting P = 1 =g, 


nun., we have = = Lt = = 7 and'8$1 8M 


the number of complete vibrations of the treble 


Ad of that vin®. 


By the firſt method d was found to vibrate 262 
times in one ſecond, which number being fab-- 


ſtituted for MA ſhews that the v1I1 Dd in that 
organ made 722. or 3% beats in one ſecond, 


which are not too quick to be. counted. 


\  Coroll.. 1. Beba u n . 
made in a given time by any ſounds in the Dia- 


r 08S &) nee e organ; ; 


being ; 
"ES a . art. 7. "A A 


4 


| being reciprocally in the known FORE tee 
— vibrations. 


Cæroll. 2. By ning 5 of * e ; 
ing perfect v. DA, Ae, eh by E e | 


and increaſing the deſcending a. bd 57 4 


comma, the v111® Dd which was too 28 1 
a comma, becomes perfect: which is another 
: Proof « of N e e 2 5 ; 


THE THIRD METHOD. 


le by experiment the mumber of 
vibrations N made by any given Jaund 


C of a given organ in a known time T. 


ne e eee een te hain hee 
v1 making g beats in the time I; make 4 
4G, GC perfect vs, and Ce will be an imper- 
_ fect vii; which if tharp and making 6 beats 
ir this cha T. will give Me ward | 
if flat, N=168—816. , - 


For c: 22 F 5 b 27 4 3 
and d: G:: 2: 3 and G: C:: 2: 3. Whence 
by compounding all thoſe ratios; C: C:: 40 + 


7 817 and this vI11* being ſharp and making 


— 


N 3 Sg 3 


(0 59 Coroll. deer 114 12 
(). a ae XI. cor. 5 e 85 2 45 
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* 4 5 1 
: 12 4 r 
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We ore —ü—b 


N 
: 
E. 1 
* 4 
of 
* 
-FY 
FY 
P ** 
3 
1 
bl 
84 
SH 
bk. 
1 
74 
SR 
1 
Fi 
4 
* 
1. 
'F] 
FF 
9 
Co 
SK 
IN 
b 
by 
* 
WY | 
41 
1 
14171 
! 
* s 
4 
127 
SEM 
FF] 
"1 
by! 
, 4 
1. 
£2 
Th 
Zi 
"} 
f 
1 
1. 
1 
: 
Fi! 
"$19 
ZI 
= 
1 
14 
Th 
11 
1 
1 
13 
1 
11 
it! 
i 4 
«1 
1 
FER 
* 
1 
” 
1 
111 
1 
J. 
l * 
10 
. 
þ 
#w 
I" 
1 
1 
1 
1 
: 
1 
1 
| 
j 
. 
1 
1 
4 
[ 
of 
” . 1 
TY 
*K 
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15 
1 al 
17 
: 
BY 
34 
17 
5 
. 
Fi 
1 
0 
19 
1 
{| 
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i beats in the time T. res Gre 2; 1— 


5 (ﬆ). Wherefore 80 + * nk os 


=816 + 16P. | #5 
The vii Cc cannot well come out flat nor 
can its beats be too flow and indiſtinct, unleſs 
thoſe of the ſharp vi ca were too quick to be 
ceaſily counted. This may be collected From: the 
ſecond method, 


THE FOURTH METHOD 


of fading the pitch of an organ, or N 
tze number of vibrations of 4 the = 2-0 | 
c in a known time T7. 


The notation of the ſcale being ain 8 "FAA 

as in the fit method and the octave Gg being 
perfect, let the v cg, Gd, da, be made to beat 

0 flat 40, 30, 45 times reſpeCtively i in a known time 
T; then, if ca be a ſharp vid making Þ'beats in 
the time T, we have N= 3240+ 16B. At if | 

it be a flat vin, N= 3240 — 168. | 


rere gr 312 00 and gx o 2 
Poe! d:;3= 30, ;2 (2)and 4: 4: 
; 0 57; 2(ﬆ): Where by comp ang ae 


(x) Prop. x1. cor. 7. caſ. 1. 
) Prop. x1. cor. 7. caſ. 2 
(z) Prop. XI. cor. 7. and coroll. x, to the * method. 
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ratios, c: a: 127. = 2 163 where if ca bea 


harp v1 making Þ bea inthe time f. a: 
5 3 (a). Whence 11 : 16: e 
85 i 166 But if 


ea be a flat vid. N= 324 0168. . 
If the reſulting vith © a beats ſharp and too 


flowly and therefore too infliſtin&tly, or elſe tos 


quick to be eaſily counted; make the v c g beat 
ower or quicker reſpectively. Alſo if that vi® 
beats flat and conſequently'too flowly, make the 
va cg beat much quicker. The mo convenient 
rate of ma 1s between. : 2 wt '%, beats in a 
Fond? 1 


PROPOSITION xX. 1 


F 


The 725 if an organ and the retubera- 


ment of the v being given, to ſnd the 


numbers of beats that every v will 


. make in a given time: 


The nel notes in Tab. 1 or 25 Plate XX, 


e all the vi of different names in a complete 


1 of ncht T2 * by PIR g are 


NA Placed 


12 Prop: xl. For- 7. . 
* In July 1751 that excellent mathematician the Re- 


| end and Learned Mr. Tho. Bayer F, R, 8, was pleaſed 


dc ſend me theſe two laſt methods, in return for a method 
of Tuning an Organ deſcribed in ſcholium 2 2to 8 8 xx, 
which I had ſent him ſometime: before, 2 


— At * 2 2 
„ — 2 — "= 


9 
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. at ** a pitch that the higher vi may 
not = too quick to be counted, NS. lower 
too to be diſtinguiſhed. By en tem- 
perament of the v and the given pitch: of the 
organ, the number g of the beats made in a given 
time by the vd da may be found by Prop. x1, 
and a, the conſtant ratio v to 1 of the times of 
| the Sngle vibrate of the hal ani eptla chin 


| " Then if a gibs gt ib equally terapered afvend 
| — from d, as in Tab. 3, the numbers of 
their beats made in a given time, will continu- 
ally increaſe in the ratio of 1 to v (H). and there 
fore will be g, gu, g, Bv3, fuk, 65, die 
67, g, Bug. 

Now as often as any of theſe vu are d 
ſed by an octave, as in the upper half o 
ſcale aſcending from d in Tab. I gt 2, ſo LO 
muſt; theſe beats be divided by 2 (5 which 


changes. that ſeries of beats into this, 4 22 


'2 
82, 82. But. Bus, g, Bob.) e,. 
E 1 T6. 13>. + ra 

In like manner, if the former ſeries of vii * 

continued downwards from d, as in Tab. 35 the 

numbers of their beats made in a given tume will 

ee ect in the p 8:09's or of 

. to - Is and therefore will be, „ 5 as 85 : 


| EIS e 
ö 
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| Now as often as theſe va. are raiſed, 
F. as in the lower half of the ſcale 3 


from d, in Tab. 1 or 2, fo often muſt theſe beats 


be multiplied by 2; which produces this feries of 
beats Te 2, 5D *, 168, 168, „2 328, 


* v3 d v ow, PE: 


eben 


: ot 8 be it propoſed * . Pra 
number of beats, in Tab. I, Plate xx, which 


4 the temperament 3 ths 1 8 - : of a. 


comma (e), and ſoppoling the interval of the 
perfect " "ONE o. 176091 3, we have . 


. = log · Bo o. oo 539g. and - 20 = 
0. 00134: 88, and the v. Hs, 


1 is * b erer bo ers won T. 4953 


Lv AT - 


whicttin the ſolution of the rohe ve pre- 
ſented by v to 14. 
Now when the themnaretes goa at tempe- 
rate, the pitch of our organ at Trinity College, 
ox the number of ete vibrations made in I 


ſacond by th dr in the pipe denoted by d/in the 


| 8 table, was 262 (a): | 


34 * Fon Ac pas. yy 
(2 Prop. 18, cor. ba 


4 P 


WC Prop. III. 5 


e 


4 Dy / 


* 
% 
* 
" = 
* k 
| of * 8 ee Ln 
. 7 Tor — — * 
- —_—— ” * ** = — a 


/ 


_ 
—— — — 4 


ie — FL 


: 
D 


— —— — — 3 — — 
— — ..... ² A ˙ ». ße. w — —— 


— — 


7 


— —— 2 


——— — 


© Hence to find the number of beats made in 1 5 


ſeconds by the vw above 4 when tempered flat by 
= comma, in prop. x1 we haye 1: n:: 3: 2 0 


4 

== 3, n=2 and Z Te= Ic, OT g=1, p=4; 
4 

and ſince the baſe d makes 262 complete vibra- 


tions in 1 ſecond, in the given time of 1 5 ſeconds 
it will make 15262: ſuch vibrations N, and 


he 
| o. 1747425 | v_ 5 7 Ne of bees: 5 


* 


n 


1. 5629841 B =36, 558 ta B =37 
7377266 Bo = 54, 667 2 f. 250 
1. 9124691 | Bv* = 81, 747 | 26 24 


* 
„ 
* — 


12. 99721 16 8¹ = 122, = | 4 33 4 
: , 1 1 © i Fs 
| if 2. 2619541. But = 182, 79 | 3 5 23] 


2. 4366966 | f = 273, 34 | ; ah = 34 « 


2.61 14391 i ev = 408, 73 — Bus = 26] 
x 1254 7861816 . 8080 50 + per = 38, ; 
| 2. 960924 gv 2913 95 er = 29 b 

FY 1356666 | pou = 1366, 7 24 F 43 
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the number of beats made in that time, by caſ.2, 


— 2gmN __ 2x3x15*262 __ 1572 __ 
* 161 ＋ 7 16141 43 5. whoſe 


logarithm is 1. 5629841; to which adding conti- 
nually the log. of v, ee arithms of 


eu. 


Abacus 2. 


— —_ 


1. 8252575 | 


1. 5629841 | 


36 550 
1. 3882416 


; 2244 448 | 
| *: 2234992 =16, 369] 


1. 0387566|— =10, 933 


E 13 AED eld >] | 


o. 8640141 =, ang 


28 
+» 


| ©. 6892716 e! . 


0. 5145291 |; 2,2699 


W 2 


vb 3397866 =2, 1867 | — 


©. 1650441 


=1, 4623| = 


Q 
* 


— 


8 


„ - i p 33 7 '2 
0 9903016 aa 9779 2 


TR | 


"mw k 5135891 . e, 6540 


n K — ry 


7 


———— 


— o 


& 
i 
* 
: 
1 
| 
| 
| 
q 
j 
i 
| 
| 
| 


— 
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g, G, Bu3 &, 2s in the firſt Abacus, and 
thence the correſponding numbers, which divi- 
ded by the proper gp of 2, as directed in the 


ſolution of the em, give the aſcending half 


of the ſet of beats oppolit to the pick 262 in 


» "Tad. I. 


The log. of v ſubtracted from o gives the log. 
of - 85 which log. continually : added to the log. of 


2 en e of * 5 925 5. 5 dec as in the 


2. Abacus. And theſe logarithms give the num- 
bers themſelves, which multiplied by the proper 
powers of a, as above directed, give nd 
ing half of the ſame ſet of beats 8 882 to the 


pitch 262 1 in Tab. 1. 4 


The ſuperior ſets of beats are defigned for 
tuning the ſame or different organs, when their 
pitch is higher than this by 1, 2, 3 or 4 quarter- 
tones, as noted at the beginning of the table, and 
may be found by the continual addition of the 
logarithm of a quarter- tone to the logarithms in 


each Abacus; and the firſt inferior ſet of beats 


may be found by the ſubtraction of the log. of a 

quarter-tone from the ſaid ſet of logarithms 
or by the addition of its arithmetical comple- 
ment: remembering to divide and multiply the 
correſponding numbers by the fame powers of 2 


as before in each Abacus. 


And as the - - 7 bone is 7 et the uit in loga- 


rithm ave; 8 o. aan which conti- 
RN nnally 


» ren 1 e. 


2 


1 pa f the ume 0 of beats 


1 
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nually added to the logarithm of 262, gives the 
ſucceſſiwe logarithms of the higher pitches 269, 
E Wark Shy of hoax 
e CO n ets O 
ESE Fan the Lats logarithm of 262, 
gives the log. of the lowelt pitch 255, overagainſt 
loweſt ſet of beats. 


From the given RUINS of the ftem of 


wha harmony (e) the beats of all the v may 
be calculated by the ſame method ; and 80 be 
found as in Tab. 11d. Plate xxx. 

Coroli. 1. Suppoſing the middlemoſt notes d. 
in the firſt and ſecond tables, to be uniſons, the 


numbers of the beats in 4 given time, of any 


two correſponding vi are very my = 5 given 


ratio of their temperaments 380 4 356 (J). 
or as 9 to 10. For the beats would be in that 


ratio if their ſeyeral baſe notes were exactly uni- 


ſons (g); and the differen at 
the diſtance af the tenth vm from the middle 
note d, is but ten times the difference of the tem- 


peraments, or ; c; which produces the difference 


ie ea I. beat in 499 ag the extreme yt 22 
tables, and leſs in the r eir 
diſtances from the note 4 ( 
roll. 2. In the ſyſtem. nal harmony the 
= Ten 111. and vch 
to 
(e) "TOY xV1, $64 2. art. 10. 50 


Prop. 2. cor. and prop, xvi. ſchol. 2. art. 10. 
rop, xI. coroll. 4. and ſchol. 1. 


Cor. 4. hmm. WN Ix. and cor. 2. prop. xi. 
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8 is 2 to 3 in a given time; as 
being eee of the ratio of their tem- 


peraments —, and 2c, and of the major terms 


of their perfect ratios 5 : 4 and 3: 2 (7). - 

Corll. 3. For the ſame reaſon the beats of the 
vb and vid to the fame baſe are iſochronous in 
the ſyſtem, of equal harmony, whereas in that 


of mean . ER” 
given fume. 


PROPOSITION, *. 


275 tune any given organ by a given 
85 560 n table of beats. 


Having found the pitch of the or by 29 of 
whe — — in — 11, look 28 neareſt 
to it in the firſt column of Table 1 or 11, Plate = 
and overagainſt it is the P Set of Beats 
tuning the given organ. IP thay G be con- 
ſiderably hotter or colder at the time of tuning 
than it was when the pitchwas found, allowance 
muſt be made in the number of vibrations deno- | 
ting the pitch, by the ſchol. to prop. XVIII. 

Then flatten the treble @ of ihe perfect vt a- 
bove 4 (E) more or leſs, till the number of its 
beats, made ir in 1 15 ſeconds GY, agrees with the 


titer 
(2 ;) Corel. 3. prop. xi and ſchol. 1. 
(+) See the notation tab. 1v. plate xx. _ 
(1) To be meaſured as directed in the Second N — 
in prop. xviII. But in this caſe count one beat more 


the tabular number, as properly hgnifying cue number W 


intervals. between the ſuccellive beats. 


J 


aſcending 
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| tabular number plncud over that vi i in n the pro- 
n 
From the 88 of that vid da tune down=- 

wards the Octave a 4, ſo as to be quite free fromm 
beats, and 5 % the like operation upon the next 


Ae, and the like again upon the 
next till you have tuned all the tharp: notes in 
the ſcale of your o 


Then going backwards "WE d, ſharpen hs 


. baſe G of the perfect v below J more or leſs 
till the number of its beats, made in 15 ſeconds, 


agrees with the tabular number placed over this 


vs in the proper ſet. 


From the baſe of the yt dG, tune upwards 


che octave Gg and repeat the like operation _ 
the next deſcending v gc, and the like 


on the next, till you have tuned all the -4 4-4 
| in the ſcale of your organ. 


Ibis being done, let all the other ſounds be 
made octaves to theſe, and the ſcale will be ex- 
actly tuned according to the temperament in the 


given table; that is, all the v will be equally 
tempered, and conſequently E ag e 


ous. (n), and ſo will all the yi, and every other 


2 of concords of the ſame name, which anſwers 
the 12 of tuning by a table of beats. * 
I you chuſe to tune the organ according to the 
 Hugeman ſyſtem, the ſet of beats in Tab. 1, next 
below that which anſwers to the pitch, found by 


any of the foregoing methods, will ſerve r 
purpoſe. 


(m) Prop. xi coroll. 


12 For ; 
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| Forthe Higenien v., having is temperament 
45 95 c ſmaller than e in the ratio of 


$3 to 55 a), beats ſlower than the tabular y* 
in that proportion, which is but very little ſlower 


than it would do, pic were deproed by 
| + of a mean tone. . 4 0 fl 


Seba 1. 


8 kd en on ar Te College Was new 
voiced, and by altering the alpen of the 
keys was depreſſed a tone lower, and thereby re- 
duced to the Rotnan pitch, as T judge by its a- 
preementwith that of the pitch made about 
the year 8 1 by the help of ſuch 0 
may know by how many quarter: tones 
of any other organ is higher than that of ours, . 
thus (without any of the methods in Prop. e 
determine the proper ſet of beats for tuning it (o). 

2. At a time when the thermometer at 


Temperate, as it did alſo when the pitch oF Gu 8 
organ was found to be 262, J afſiſted at the tu- 


ting of the v of the Dia the ſet 

of Get apps e üer f i 15 1 

on examining the 111“ and x I found them all 
a manifeſt proof of the theory" of beats 

ard of the vertainty of ſucceſs in font by. 

3. At that time the whole organ was tuned to 

the open — and is now * ä 


"Bt Prop. xv11. Schol. Tab. 2. 
4 See column 2, Tab. 1, 2, plate xx. 
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*- 


the major thirds were much ſhar pe than pe 
fect ones; and its harmony, I dou 


of ; it, and to repeat the tuning of the organ over 


again, would be. troubleſome and improper at 


preſent ſeaſon, when cold and any, wea- 
TR is coming on very faſt. . 4 
. For the propereſt times for tuning the Dia- 
ſon of an organ ſeem to be from the latter end 
of Auguſt to e middle of October, when the air 


being dry, temperate and quiet, will keep nearer 


to the ſame degree of elaſticity for a given time. 
Becauſe a very ſmall alteration in the warmth of 


moiſt air will ſuddenly and ſenſibly alter its ela- 


bg 


4 44 


not fo heat Tf Pipe by ee them 6ftener 

dong at a time in 
the organ caſe; nor to tune. early in the e ut | 
but rather towards the 19 9 when the air 1s 
drier and its declining warmth is kept at a ftay by 


the warmth of the perſons. about the organ. 


But theſe and 855 like cautions may ſooner be 


learned by a little practice than by any deſcrip- | 
tion, and if not altogether neceſſary, will how- 
ever contribute to the accuracy of tuning by ſo 
nice a method which ba capable of any 


deſired 


* 
— 


to be much more harmonious than before, when, 8 


t not, is ill 

improveable by making 7. flatter than perfect, 
according to the ſyſtem of equal harmony. But 
at that time I had. not finiſhed the calculation 
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deßred degree of exactneſs * the blaſt of. 
the bellows be uniform. Ot 
5. After tuning an organ e to ary 
new ſyſtem Wader we muſt be A .of 
judging too haſtily of it. Some muficians here 
who had conſtantly been uſed to major thirds and 
conſequently major fixths tuned very ſharp, could 
nqt well reliſh the finer harmony of perfect thirds 
and better fixths in the organ newly tuned, till 
after a little uſe they became better ſatisfied with 
it, and after a longer uſe they could not bear the 
coarſe harmony of other organs tuned in the ufual 
manner. 
It js therefore necellary to have dun wx EX 
ence in different objects of ſenſe, in order 1 55 
impartially, which of the two is more gr 
than the other, as is evident in almoſt every 7 Sig 
to which we are more or leſs habitnated.” 
6. If a machine were contrived, as it cafily 
might, to beat like a clock or watch, any given 
pumber of times in 15 ſeconds, between 20 and 
_ 56 or thereabouts ; by ſetting it to beat accord- 
ing to any 9 5 number in the table for 4 
an organ, and by comparing its beats with tho 
of the correſponding v, the ear would deter- 
mine immediately and exadtly enough, whether 
they were iſochronous or not; and thus a harpſi- 
chord might be tuned almoſt to che fache exact- 
1 neſs as an organ; and the tuning of an organ 
might be.perfo ormed much ei 5 y the help 
of ſuch a machine than by — ie beats as 
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— 40e the of 


vii*G 


8 . — 9 
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| Scboliums * 2. 


are tuned by a little table of heats, the organ 
ffice of ens: ar the 


A's 
2 7 2 2 E a 


ef * 3 1 1 
* $74 - Oe - + 
F IE 4, 
* 5 
x &' * 


7 tune any 1 organ by lecke 


- "beats of different concord. 


— 1 The wund in che raiddle of the Gale being 
called CDEFGABcdefgabc, make the 


g quite perfect, and let the vi" co; Gd, 


da be made to bear flat 38, 28, 42 times W 
re N N 
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I 5 85 * 
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beats 
of the 


Ne of FOREST. nar MN 
| — N N 


N © The Humbers 66 beste of the vm... 


. ca |c 


@ [x "64 4 at 


322 24— "36=" ns, 
[31+ 23“ 33 26+] 
91="23= $44 25%" 


1 


185 WINS: % 9 5 j 
Tom Tr ara 
es. Tab, 2. 


— ä 12 * 


— 


— 15 on > 


1 * 1 


£7 7 
ban uh 1 


vic ga, look 


we beats of that vid TR the tables. The 
numbers 
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numbers oppoſite to it in each table are the Pro- 
per Set of Beats, which the ſaid v ought to 
make in the given organ, when tuned according 
to the ſyſtem mentioned in the title of each — 1 
2. For example, ſuppoſe the reſulting v1 
ſhould beat 48 times in 16 ſeconds, the neareſt 
number to it in the firſt column is 50 and oppo-, 
ſite to it in Tab. 1, are 40, 3o, 45, the proper 
ſet of best of thoſe vc g, Gd, da for cauſing 
the v® and vi" cg and ca, to beat equally quick 
as they ought to do in the en pl; equal har- 
mony (p). 0 Hes 
Like wiſe in Tab. 2, oppoſite to the aid 3 9 — 
50are3 1, 23, 35, 26, tle proper {et of beats of the 
vis cg, Gd, da, Ae, for cauſing the v and 11, 
cg, ce, to beat equally quick, which property 
makes a. very proper ſyſtem for the defective 
ſcales of organs and arrifichords: in preſent uſe. 

3. Alter then the trebles of the v cg, Gd, da 
55 a beat flat 40, 30, 45 times reſpectively 
5 ſeconds, remembering by the way to make 
80 a 33 IIb. Then upon 3 the v 
and v1* cg, ca, immediately aſter each other, the 
ear will judge near N Whether they beat | 


equally quick as they ought. 


4. But if greater certainty be defired, count 
the beats of the vi cin 15 ſeconds: and if their 
number be 40 as that of the v® cg was, or dif- 


fers from it by no more than,3,over.or under, you. 
Hae n the agen Kt; his I Be uu of the 


1; 45 193 


1 r - * 


60 Prop: xix. ddl 2 


k 90 


d 
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vr differ from 40 by more than 3 and leſs than 
9, over or * the next higher or lower ſet 


reſpectively, is the proper ſet. Becauſe an alte- 
ration of fix: beats of . 


ſame baſe, as appears by the differences of the 
numbers in the firſt a1 ſecond columns. For 
which reaſon, if in any experiment the beats 


of the vi® ea ſhould come out exactly in the 


middle between any two numbers in the 14 co- 
lumn, you may take either of the ſets oppoſite to 
them for the proper ſet; the error from the truth 
being but half a beat, that is, half the interval 
of the ſucceſlive beats of the v cg;, which half 


cannot eaſily be meaſured... Vet the choice might 


be Steed by altering, the pitch of the ſound 
c a very little and repeating, the experiment. 


5. The proper ſet for a given organ being once 
found, the 14 experiment need never be repeated 


afterwards. For whatever be the proper ſet in tem- . 


perate weather, the next above it will be the pro: 
per ſet in hot, and the next below it in cald wea+ 


ther (4). At moſt, the ſet ſo determined need 


only be verified as in Article 3 or 4 hes ger "ng 
organ wants to be retunead. 


6. Aſter the vi cg, Gd, da had AY made | 
to boat 38, 28, 42 times in 15 ſeconds in the 


14 experiment, if the beats of the vd g had 
come out too quick, or too flow. and indiſtinct to 


O 3 . 


(2) Prop. xv111. ſcholiu mm 2? (4) 


vi ; anſwers in time to 
an alteration of but one beat of the vh to the 


tune the organ to 


21. _HARMONICGS, Sea. X. 
be eaſily counted, (which however cannot hap- 


| . 


gher or lower than uſual,) in the firſt caſe uſe 
13 ſeconds, — ee ee 
and upon repeating the experiment the beats o 
— will come out within the limits 20 
and 56, of che numbers in the firſt column and 
point to the proper ſet. 
mw Laſtly, if the beats of any va babe IG 
be adjuſted to the tabular number, which ſome- 
times happens, and that number has the ſign + 


after it, the exceſs of a beat may be diſpenſed 


with as being leſs erroneous in thatcaſe than'the 


defect of a beat; and on the contrary, if the ta- 
bular number has the _—— G 


8. Pl. xxv. 5. Now if you chuſe to 
o ce ſyſtem of equal a 

which being the moſt 
harmonious is the pro» v n un 
Pereſt for a changeable 26d G 
ſcale (7), in — da, 45 d tuning 41 
from the ſounds, c, G, Ae, Af* 
d, a tuned by the pro- eb, en 
per ſet of beats, make 95 2 
the vid Ge beat ſharp &c, ane. 
and juſt as quick as 
the given vb Gd, and do the like forevery win 
the order annexed; '- 

"IRE in —_— from the "x 

ſoun 


(r) Sect. vii. art. 1m. 
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Sands c, G, 4 4. alter are anne baſk af 


v* and ith 

Fc and Pd. til! 
they beat equally 
quick, the vc flat, 
and the vr ſharp; 
and repeat the like 
practice in the or- &c, 
der arinene d.... 

Wenne Erie cend pid 8 


vi, as eb and ec* for inſtance, to beat too 


uick, tune downwards the two Iii; eE and 
B and leaving out the up row of the 
ö ſharp notes, og with the lower rows. And 
do the contrary in the deſcending 
leaving out the undermoſt flat = where 72 
find they beat too flow and deſcending by the 


_ notes. 


But till n are made * 5 


[ Pat» ſcale, i it is more proper to tune the de- 
fective ſcale in preſent uſe by making every vn 
_ .and-H, pig whe fame. baſe, beat equ: 
the former flat and the latter ſharp. - 
Make the vt cg, Gd, da, Ae beat flat 31, 

23. 35, 26, times reſpectiv vely, this being the 
Proper ſet found by Art. 1, 2, for the given or- 
gan, ang the 111 ce. will beat harp N. with 
che v 2 


3 n Fe 2 ; 4 5 . 
A + Whos 8 a « 5 wi K K 4 3 1 a a 4. 4 0 1 
, + = o — 
- . 4 9 
1 * | 
1 Pl. XXV. 
— EI ? 2 * is 4 
0 > F 1 8 * 5 ** N 1 "© 
* * I R 3 1 8 7 P a * 1 10 71 4 { | 8 
4 a . 1 ay 
— a, 4 2 . 5 
[| » wt t * 4 


part of the ſcale, | 


ly. Auch 
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4 . 7 b 1 
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Plate xxv. Fig. 65. Then in aſcending 


from the ſounds c, g, G, 45 a, A, * © Pc 


make the next 1110 | 

GB beat ſharp and v an VIE 
_ equally with thegiv- Gd, "RARE Bo 
en vb Gd, and do the da, df* 5 


like for the reſt in the Ae, Acx | 


order annexed: eb;* © = L 


_ Likewiſeindeſcend- 


ing from the fame Fe, FA, & nag 7 
given ſounds alter the B, BU 


baſe Pof the 111 F.4 El Bb, EG. 


till it beats ſharp and 
equally with the given vo Fe to the ame baſe, 
and do the like for the reſt in the order annexed, 


DEMONSTRATION. 
Pl. xxIv. Fig. A, which is diliribed i in Prop. 


| 117 and cor. I. 2. The beats of any given y and 
vl to the ſame baſe will be iſochronous, as they 


ougnhtt to be in the ſyſtem of equal harmony, when 
their temperaments are as g to 3 - Whence by 
the coroll. to prop. Iv, Gr is= 5 Xa and is the flat 


18 


temperament of all che its (@) 45 As = 15 'c 


is the ſharp temperament of the reſulting v. 

In Tab. 1. column 1 the aſcending numbers 
35, 36, 37, 38, &c are aſſumed for the beats to 
be made 1 in a given time by the given v cg in 

x) organs 

(1) Prop. x1. coroll. 3 and ſchol. 1. 

(u) Prop. x11, coroll. 


Prop. XX. - HAR MONIOS. mp 


organs of different pitches (*) and from theſe 


and the given temperament =: Ae the beats of le 


other vn Gd, da in col, 2. 3 of that table are 
computed by the method ma". Da n 
When the vc and vi cg and ca, have any 
other temperaments, as Gp and Ac, let 2 and b 
be the reſpective numbers of their beats made in 
any known time, and g; their common number 
made in that time when their temperaments were 


n e Then ſup- 


Poſing the difference rg == 50. by the fimilar 


triangles Org, Ose, we have $0 = EY: c. And 


| fince the nymbers of beats made in equal | times 
by a given conſonance differently tempered are 
proportional to its temperaments (y), we have 
18; as r: G g: 5 5.4, whence dan BIS) 
likewiſe 8 IE : 45: Ae: 233 + 34, hides 
again d = — ; „Nen eee and 
B=08+ = 1 5 
In the method pF a for ending — 6 


ſet of beats we aſſumed a = 38 and in the ex- 
2 we ſuppoſed þ=48,. whence, g = 38 + 
EEE = 392 , the neareſt to which in column r 
tab. 1being 49 aber 64% 3904 4 57 
gen A 


TE NB $i Cor C l £18043 15770 
) Prop. x1, cor, 4 0. chol. 1. 


— 
* 7 
—ů——— ᷑ ates — — £ 


— — 
+ any + gan —— — — — 


» 
—— — — — => SS. 


I Ichoſeto 


— — 2 
Deen. PIES 


| out perfekt, we have 922386. - 2315 2 which 


in col. 1. Tab. 1 oontinued eee would 

give the pitch and the proper ſet for an organ 

about a tone wn than dan e lower than 
8 | ordinary; 


"x 
\ 
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V I found . ſet for 
E the v* and vin, cg, ca, beat equally 
quick in our organ at Trinity College, to be 
36, 27, 40 +,'in a warm ſeaſon, aſter the pitch 
of it had been depreſſed a tone lower, to the Ro- 
man r _ 4 changing che places of the 
keys. Conſequently the proper ſet for the former 
pitch would have been 40, 30, 45>, becauſe 


the ratio of 36 to 40 or 9 to 10 belongs to the 


tone nearly. For this reaſon in the method above 
begin the experiment with the interme- 
diate ſet 38. 28 +, 42 +, and adapted to it the 
column of beats of the y1* ca in the following 
manner, 


When 4 = 38, 838 4 2855 whence it 
appears if b 38, that 6-38; if b exceeds 38, 
that Bexcreds 38 by g of that exceſs; if i bede- 


ficient from 38,that Þ is deficient from 38 by ß 


of the defect. So that the common difference of 

the values of g; or beats of the vm gg being unity 

in col. 1. Tab. 1, the common difference of the 

correſpondent values of h or beats of the vim ca 

Tab be ſix, as in che Ko gra en the 
able. 


I o, Gt is, if theved ca ſhould come 


| zs 9 to 8 belonging to ie.” Therefore 


"be the vi c6 cannot beat flat u any organ 
now in uſe: and if its beats come out too 
ſlow or too quick, a remedy: has been given above 


in art. 6. T e reaſon of it is this; if either of the - 


temperaments Gp, As, of the vid and vi be in- 
creaſed, the other will decreaſe, and.accordingly 
the beats of the former conſonance will be acce- 
lerated while thoſe of the latter are retarded. So 


that when the beats of the vi come out too 


quick to be eaſily counted, they ſhew that thoſe 
of the vt® were too ſlow at firſt and therefore 
muſt be accelerated, or the ſame number of 


them muſt be made in a leſs time: and on the 


contrary, when the beats of the vi come out 
too ſlow. 


In Tab. 2, 2.0% 1 a 
keſſen che dels (2), is ee ea hap 
and as quick as the v beats ratio of the 


temperaments Gp, Ex, of the vd and 111* muſt 
be 5 to 3 (a), and the Wierer O muſt 
be within the angle EO G. Henoe Gg O. 
But inTab. 1 we had Gr = 3 117 17 a ratio 
of che beats made in a given tins een, 


14 


0 Sed. vin. art. 2, note l. i 
he) Pribp. r c ee 


() Prop. v. cor. caſ. 2, where ” may have 3 any ; wi 


becauſe the ſecond condition of hs propoſition i is not here | 


I nA 


= 
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ordinary; becauſe the ratio ratio of 36 to 317 or 32, 


1118, nr to 


| 
| 
| 
( 
| 
1 
ö 
| 
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ſpondent vb. in Tab. 1 and 2, is Gr to Ge or 23 
10 18 (c). Shan 
In like manner a table of beats for any other 
ſyſtem might be computed and ſubjoined to 
Tab 1, in which the proper ſet may be found as 
before in the 1 experiment. Another ſyſtem 
1 oe be tuned by iſochronous beats of the 1114 
and vi*, but it differs fo little from that of equal 
harmony that the mention of it is ſufficient, | * 
Corollary. Hence we have the number of vi- 
brations made in a given time by any given ſound 
of a given organ. For the number of complete 
vibrations made in a given time by the found c 0 


the product of this conſtant number 96, 5 4 


multiplied by the number of beats made in that 
tine by the v cg when it beats equally with the 
vid ca, to be found by the method As de- 
ſcribed. 

Thus if that number of beats be 3 6 in rs * 
conds, in this time the ſound c makes [36x96,766 


&c = 3484 complete vibrations, that is 232 7 


| Win! in one ſecond; and therefore the ſound 
d, which is almoſt a mean tone higher than c, 
makes 260 ſuch vibrations in one ſecond, which 
agrees with the experiment made with the braſs 
wire in prop. xvIII. | 

For the temperament of the vn c g, when it 
e flat and equally with the vr ca, Was s found 


to be S =; © inprop x1, wherein ca 2,8= 
e s 9m ok ton wg 


— * 
i — L 5% bo 
4242 Ef > "ad * 4. 


Co Prop. XI, coroll. + | RT Oe 
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24. 
e 27 173 


or N le FO: 161 184.5 B= 


96,7 7 x, the m nber , vibrations ns. the 
= _— Fe 5 75 ee Ff THI" 


8 cholium 3. 


0 5 ould W e 28 molds: 
cond. of time more readily and exactly by any 
other means than by the beats themſelves, a 
ſingle ſet of beats for a given ſyſtem, as 38, 28, 
42, & would alone be ſufficient for tuning any 

god organ according to the given ſyſtem. - 

For, by the method above, having found 8 the 
proper number of beats which the vb cg ought 
do make in a given time as 15 ſeconds, the time t, 
in which it will make the number 38 in the given 
ſet, is to 1 5 ſeconds, as 38 is to g; and — time 
ſo determined is the Proper Time in which all 
the other numbers of beats in the given ſet ought 
to be made by the other v in the ſaid organ. 

But unleſs that time 7, which will generally _ 
tain ſome fraction of a ſecond, could be readi 
and accurately. meaſured, this method will witl 
equal expedition be leſs accurate, or with . 
accuracy will be leſs expeditious than the * 22 


For if inſtead of thie mixt number t we uſe the - 


neareſt whole number of ſeconds for the proper 
time, the limit of the error will be hat ſe- 
cond ; whereas in uſing the Proper Set for any 
given time, the error is but half the interval of 
the ſucceſſive beats of the vt cg, which is two 
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i or three” times ſmaller than half a ſecond, be- 
= | cauſe the number of its beats in col. 1. Tab. 1, is 
| = between two and three times than 
| „ e number of ſeconds in which the beats are 
9 | 3 And the larger error cannot eaſily be re- 


duced to an equality with the ſmaller, unleſs by 


| 5 2 ſet of beats w een er between: $ and 
de times larger than thoſe in the Tables, v 
14 would p inereaſe the time and trou- 
1 ble of counting them. For inſtance, inſtead of 
A counting 38, 28, 42 beats in 15 ſeconds, we 
10 maſt count 96, 72, 107, in 38 ſeconds. _ 
= I 52 35 96 are continual x als near] 
1 the known method of tuning an i 
WIN 5 of a monochord is eafier than 
ie : | y exact 


005 PROPOSITION XXI. 


To f the parts of a given menechord, 
whoſe vibrations ſhall give all the 
_ ſounds in an octaue of ay prope? 


rempered Jyftem. 


.=- | Letthefyſtemof equal harmony be propoled, 
| 1 | and let the ſeveral parts of the monochord be 
Wil meakured from either end of it, and be to the 


whole, 
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whole, in the ratios of the ſeveral numbers in the 
column . to 100000 I 
by the vibrations of- the o found, and of 


8 whole, will give all the ſounds in an octave 
of the propoſed fyſtem, as denoted in tit firſt co- 
lumn of the table. QE. I. 

For in the Keb to prop- Xv1r- . 
21 0. 09631. 2 and e 
353323 whenice we ha ve | 


7 beg 3 gabag 
L d. 03012-67916 
L = [= 0. 018021 8490 
L— I =d= 0.01209. 61.06 


From theſe logarithms: of the tone, limma ma- 
jor and minor and the dieſis, and from the lo- 
gark m 4. 69 eee e 

permoſt in the table, all the logarithms be- 
low it will be found by the following additions: 
where the muſical notes in column' 1 are ſup- 
poſed alſo to repreſent the logarithms over a- 
gainft them, fill you come down to © which 
comes out 5. 00000. 00000 and ſhews that the | 


2 14 d , c +1 dk „ +L=B | 
BIN, B+L—A*, B+T=A: 
- A , A+L=G#, A+T=6, 
GTI SSO, G+L=F*, G+T=F. 
F Ex, F ++ N, © atria 


re | . 


addition be right. 


= — IE ¶ — ——— ———————— — 
— . I PO Inge" * * 5 
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logarithms. of che principat notes B, A;G,F, 
E, D are right; and thoſe of the ſecondary | 


notes will be right too, if the operations in the 

The correſponding Pk tg in column 3, 
which may be found: by the tables of loga- 
rithms, ſhew the required parts of the mono- 
chord; as a very nale reflection will ſatisfy any 
one that underſtands the common properties of 


logarithms, and attends to the intervals of an oc- 


tave in Fig. 49 deſcribed in Sect. viii, but not 
divided as there into 50 equal parts, which is 
only an a e to the * 1 880 
QE.D. 


en ——— | 


l fe ST A, the, pr Ws 2 po de of 
the table ſhew the parts * a monochord, whoſe 
vibrations will give the ſounds of the oppoſite 
notes in the ſyſtem of mean tones and that of 
Mr. Higgens, who has ſhewn how to find the 


laſt column of numbers in his Harmonic Cycle. 
And as all the meaſures in the 3 ſyſtems may be 
taken and marked upon the ſounding board of 


the ſame monochord, the different effects of thoſe 


ee upon the ear, may be eafily tried and 


compared together, provided the tone of the mo- 
nochord be 8000 and the diviſions accurate, and 


the e bridge does not ſtrain it in one oe 
more than in another. N 


2 we } 


- a ps | Sa le 


facing p. 224. 


4 The divifion of a Monochord. 8 


4.92171. 79259 
6 8586 5 


2 


4. 69897. 00043 
| 4. 71106. 83050 


4. 71699. 54952 


Wh es 
50000 
51412 
52119 


by 


— 


50000 
51200 
$2245 


50000 


$1131}. 
52278 


4.72909. 67959 
4.74712. 52868 
4.25922. 35875 


333922 


55863 
57441 


4.77725. 20784 
4.79527. 05093 
4. 80737. 88700 


59876 
62412 


04177 


53499 
5 5902 
57243 
59814 
62 50⁰ 
64000 


4. 82540. 73609 
4.84343. 58518 
4: 85553-41525 


66897 


69733 
71702 


66874 
69877 
71554 


4.873 56. 20434 
4. 88 566. 09441 
4.89159. 11343 


74742 


76853] 70502 


77910 


4- 90368. 943 50 
4. 93381. 6226 


80110 


83500 


74.707 


78125 
80000 


83593 
85599 


4+ 95184: 47175 
4.98197. 15091 


4. 96987. 32084. 


89504 
93298 
95934 


5. 00000. 000001 OOOOO 


Syſtem of 


equal 
harmony 


89443 
93459 
95702 


100000 


mean |? 


53469 
55914 
57179 
59794 
62528 
63942 

66866 
69924 
71506 
74770] 
76467 
78196 
79964 
83621 
85512 


tones 


7 pO 


« 
— 
* 
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SECTION, — 


10 3 temperaments uſed in con- 


certs well per formed __ Per in- 


Arumeme. 1 


u a perfect inſtrument I mean a voice, vio- 
lin or violoncello, &c, with which a good mu- 


ſician can perfectly expreſs any found which his 


car wan 


PROPOSITION XXII. 


The ſeveral Parts of a concert well per- 
_ JO upon Perfect infiru ments, do 
not move exattly by the given inter- 

» vals of any one f: nem whatever, but 

only pretty nearly, and ſo as to make 
_ perfet? harmony as near as poſſible. . 


2 inſtance, if the baſe be ſuppoſed to move 


by the beſt ſyſtem of perfect intervals (d), the 


part or parts cannot conſtantly move by it 
too, without making ſome of the concords im- 


perfect by a comma (e), which would S cb F 


oftend the muſicians (/). Conſequen 

are pleated, thoſe intervals are ee —. 
N pered 

Wo) i art. 1. F 


Sect. 1v. Prop, 1. and coroll. 
(f) Se. iv. art. E 
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pered by the upper part or parts, which there- 
fore do not move by the ſame intervals which 
the baſe is ſuppoſed to move by. 

Likewiſe if the baſe be ſuppoſed to move by 
the ſyſtem of mean tones and limmas (g), the 
other part or parts cannot conſtantly do ſo too, 
without making about two thirds of all the con- 
cords imperfect by a quarter of a comma (5). 
But whenever concords are held out, by good 
muſicians, they ſeem to me to be always per- 
fect. And if ſo, the upper part or parts cannot 
move by the ſyſtem of mean tones, which the 
baſe is ſuppoſed to move by. And the argument 
is the ſame if the baſe be l to move by 
any other ſyſtem of tempered intervals: and that 
it cannot conſtantly move by Pee Wy. I ſhall 
thew i in the next ſcholium. 

What has been faid of perfect and- Amped 
concords, is applicable to diſcords too, a good 
ear being critical in both. Now the reaſon why | 
the beſt muſicians acquire a habit of making per- 
fect harmony, as near as poſſible, is plainly Ss, 
When the harmony is made perfect they are 
pleaſed and ſatisfied, though the ſeveral p 2 do 
not move by perfect intervals. For the Fra | 

from one ſound to the next, whether by a 3 
fect or an imperfect interval, being nearly inſtan- 
taneous, cannot much affend the Ran But 
the ſucceeding conſonance is long enough held 
out to give him pleaſure or pain according as he 
makes it — or imperfect. Gy. D. emi 


(3) P rop. II. i (b) Prop. III. 5 3 
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Coral. 1. Cateris 
the fame whatever be the ſyſtem which the baſe 
moves by; but the ſum of the occaſional tem- 
* al be the leaſt poſſible, if it moves 

the item of mean tones and limmas (i), 


124 but very little bigger, if it moves bythe Calc | 


of equal 3 (). 
Coroll. 2. The propoſition holds true though 
r 2 the inſtruments be imperfect, as when 
E baſe is n an organ or 
3 becauſe "rant np of {eu up- 
per parts are more attentive to make perfect har- 
mony with the baſe notes; than with the chords 
to them, Conſequently thoſe parts do. not move 
by the tempered ſyſtem of the thorough baſe. 
Coroll, 3. Cæteris paribus the ſame piece of 
muſic well performed upon perfect inſtruments, 
is more agreeable than it would be if it were as 


a well a en n ones, as an or- 


E ee ives greater offence to the hearer, 
though ignorant — x lp cauſe of it, than thoſe ra- 

pid rattling beats of high and loud ſounds, which 
make — conſonances with one another, 
And yet a few flow. beats, like the flow undula- 
tions of a cloſe ſhake now and then mat 
are far from being diſagreeable. 

Coroll. 4. Therefore the harmony of a con- 


cert wall be finoother and diſtinct and 5 


PZ ? | rally 


69 Prop. III. coroll. 10. 
(+) Schol. to prop. xx, 8. n the Appendix and prop 
WI. coroll. 4. 


paribus the harmony will be bio 


it by his memory of the pitch, and by tempering 
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rally more pleaſing, for taking the chords of the 


thorough baſe as near as can be tothe baſe notes, 
and no more of them than are neceſſary, and 
theſe few upon the ſofter and fimpler ſtops of an 
— an; 6c: | ie r het 
Bere the beats will then be fewer, ſlower 
and ſofter, and ſo the voices and other inſtru- 
ments will appear to greater advantage. 
Coroll. 5. It appears alſo from the reaſons a- 
bove, that no voice part ought ever to be played 
on the organ, unleſs to aſſiſt an imperfect linger, 


and keep him from making worſe concords 
with the baſe and other parts than the organ it 


new 


{elf does. 


Sobotium: 


Mr. Huygens obſerved long ago, that no 
voice or perfect inſtrument can always proceed 
by perfe& intervals, without erring from the 
pitch at firſt aſſumed (1). But as this would of- 

fend the ear of the muſician, he naturally avoids 


the 


CE | "MW 
(1) Aio itaque, fi quis canat deinceps ſonos, quos Mu- 
ſici notant literis C, F, D, G, C, per intervalla conſona, 
omninò perfecta, alternis voce aſcendens deſcendenſque; 


jam poſteriorem hunc ſonum C, toto commate, quod vo- 


cant, inferiorem fore C priore, unde cani cœpit. Quia 


nempe ex rationibus intervallorum iſtorum perfectis, que 
ſunt 4 ad 3, 5 ad 6, 4 ad 3, 2 ad 3, componitur ratio 


160 ad 162, hoc eſt 80 ad 81, quæ eſt commatis. Ut 
proinde, ſi novies idem cantus repetatur, jam propemo- 


dum tono majore, cujus ratio 8 ad 9, deſcendifle vocem, 


tonoque excidiſſe oportet. Cſmotheoros lib. I. pag. 77. 
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the intervals of the intermediate ſounds, ſo as to 
return to it again (Mm). : 


This is alſo confirmed by what we are told of 


a monk (2), who found, by ſubtracting all the 
aſcents of the voice in a certain chant from all 
its deſcents, that the latter exceeded the former 


by two commas : fo that if the aſcents and de- 
ſcents were conſtantly made by perfect intervals, 


and the chant were repeated but four or five 


times, the final found, which in that chant 


ſhould be the ſame as the initial, would fall a- 
bout a whole tone below it. But finding that the 
voices in his choir did not vary from the pitch aſ- 


ſumed; he concluded that the muſical ra- 


tios, whereby he meaſured thoſe ſucceſſive aſ- 


cents and deſcents, were erroneous. But if he 


had known Mr. Huygens's remark, it would have 
ſolved his difficulty,” © 


This was not the firſt time that the truth of | 


thoſe muſical ratios had been called in queſtion. 
For Galileo obſerved that the reaſon commonly 
5 (n) Hoc verd nequaquam patitur aurium ſenſus, ſed 


toni ab initio ſumpti meminit, eodemque revertitur. Ita- 
que cogimur occulto quodam temperamento uti, inter- 


Ae illa canere imperfecta; ex quo multo minor ori- 


tur o 


* 


enſio. Atque hujuſmodi moderamine ferè ubique 
cantus indiget; uti colligendis rationibus, quemadmodum 
hic fecimus, facile cognoſcitur. ibid. 

(2) Methode generale pour former les Syſteme tempe- 
res de muſique. Mem, de l' Acad. des Scienc. Ann. 1707. 


pag: 203, 810, 
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alledged for it, appeared to him inſufficient (9): 
At laſt indeed he hit upon a couple of experi- 
ments which gave him ſatisfaction (p), but a 
ſcientific proof was ſtill wanting till Dr. Taylor . 
publiſhed his 8 of the vibrating motion of a 
muſical chord (00 which has ſince been culti- 


voated by ſeveral able mathematicians (7), and 


being the principal foundation of Harmonics, 
deſerves to be further F capbdeved. in the next FO 


SECTION xl. 


Of the vibrating motion * a _ 
| | | chord. - VIE 


PROPOSITION XXII. 


When a muſical chord vibrates rial, . 
tbe force which urges any ſmall arch 
of it towards the. center of its curva- 
dee, 


(se) Stetti lungo tempo perpleſſs NG: 9's queſte forme 
delle conſonanze, non mi parendo che la ragione, che 
communemente ſe n* adduce da gli autori, che fin qui hanno 
ſeritto dottamente della muſica, foſſe concludente à ba- 
ſtanza. Dicono eſſi & c. Diſcorſi attenenti alla IO 
Dialego 1, towards the end. 

(p) Ibidem. 

' (9) Methodus incrementorum, prop. 22, 23 and Philof. 
Tranſ. Ne 337, Iv. or Abrigd. by Jones Vol. 4. p. 391. 
(+) Commentarii Acad. Petropol. Tom. 111. 

Comment on the Principia Vol. 2. pag. 347. 
Mr. Maclaurin's FF — art. 929. 
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1 Here, is to the 2 #5 the choj 15 


1 18 08 the Fwy to be uniform, EM 6 


| gender or rather to be a mathematical line, 
flexible by the leaſt force and elaſtic; and its 
tenſion or quantity of elaſtie force to be meaſured 
by a weight, which if hung to one end of it, 
would tend it to the fame length which it has 
2 it vibrates freely by the force of its ela- 

city. 

PI. xxI. Fig 50. Let ACB repreſent ſuch a chord 
fixed at the points A and B, CD any arch of it, 


| CE and DE tangents at C and D; in either of 


which as EC produced if need be, take EF 
equal to ED, and draw FG perpendicular to 


FE, and DGto DE, and joining DF produce | 


GE towards H. 
Then imagine the Gerd to keep its curvature 


while a force applied at E or H draws the tan- : 


_ gents EC, E D and theſe the points of contact 
E, D, fo as to keep them in æquilibrio. And 
fince the elaſtic forces at C and D are each equal 
to the force of tenſion, the direction of the 
third force at E will biſe& the angle CE D un- 
der the other. two directions, and conſequently 
will coincide with the line G EH, agreeably to the 
15 auction 5 the 9 triangles EDG, EFG. 
P bs '* Hence 
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Hence the three forces at H, C and D, which 
would keep the point E at reſt, are proportional 
to the ſides DF, FG, GD of the iſoſcelar trian- 
gle DFG, to which their ſeveral directions E. H, 
EC, ED are perpendicular; becauſe that tri- 
angle is ſimilar to any other, as ED, whoſe 
ſides are either parallel to, or in part coincident 
with thoſe directions, and therefore proportional 
to the forces acting in them, by the known theo- 
rem in Mechanics (5). 

No ſuppoſe CL and DM to be the 3 of 
the curvatures of the chord at the points C, D, 
and the curve LM to be the hcus of all the cen- 
ters of the curvatures at every point of the arch 
CD. Then conceiving the point D to move up 
to C, and conſequently M and G up to Lz the li- 
mit of the variable ratio DF to Fe, of the ſaid 
forces, will be that of the evaneſcent arch CD 
to C L the radius of its curvature. And a force 
conſtantly equal and oppoſite to the former of the 
two, is that which urges the vaniſhing arch CD 
in the direction EG, which ultimately coincides 
with CL; and the latter was the force of ten- 
ſion. Q. E. D. 

Coroll. en a ; muſical chord vibrates freely, 
the forces which accelerate its ſmalleſt equal 
arches, are conſtantly proportional to their cur- 
vatures very nearly, provided the latitude of the 


vibrations be 1. {mall in proportion bathe en, 
of the chord. 


| (5) See Theorem 33 of Keil Phyſics, N 


For the force of its tenſion being then very 


nen invariable, the forces which accelerate its 
ſmalleſt equal arches 8 y nearly in the in- 


verſe ratio of the radii of their curvatures (7), 


which is the fame as the dre rat of ROI: 


vatures themſelves. | of 
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Fig. 51. Les C Be the. common center of 


| @ny two circles DF, EG, and CDE, 


CFG any two ſemidiameters, and of | 


either of the included arches as DF, 
ler FH be the fine, in which produced 
both ways, let the lines HI and HK be 
feverally equal to the other arch EG; 
then while the ſemidiameter . CFG 
moves round the center C and carries 


with it the line I FHR. parallel to it 


| ſelf and conſtantly equal to twice the 
arch EG, the extremities 1, K will de- 
Seribe @ curve whoſe vertex is D and 


axis DC, and whoſe baſe ACB is equal 


70 the Fey I ITT Lk rhe circle 
2E G. 5 rel | 


FF 


00 By che beau Propolitgn. i NN . 
. | Ceroll. 
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N. Fo . 4 ML 


e f 


\ Corll. 1. Pl. xxri. Fig. 52. Drawing PL per- 
pendicular to the baſe ACL, a line KP perpen- 
dicular to the curve at K, will be parallel to EL.. 


For drawing KN perpendicular to the baſe, 
let the radius CFG go forwards a little into the 


place Cg, and carry the line K H into the 
place fi, cutting KN in O and FL in r. Then 

fince HK = BG' by the definition, and alſo 
bk = Eg, their difference Ok is Gg. Now 


eee Fe by the fimilar ciangles CLF and Fre; CEF * 


og, ORT and VR, we have 
2 F, F and CF: 96 Ff: Gs; ow 
2 CG or CE: : (Fr: Gg: OK: 


beer. Arete : NK. Ca quently the right ang- 
es:: Y VA fed Tiian gles C LE, NPKXK are equiangular, 
4 cer. + BY md the perpendicular KPM is 8 nel. to _ 
| 0 


CF XG. = 
er. 72S 


che triangles LE and KM, CBL or __— 


Aline EL, 
. | Coroll:.2.. At any poin cee e curva- 
ture KM: LE: LE r KNX CE. 
For drawing fl pa I parallel to F.L ; another line 


EM, Pape ha th the curve at I, will be pa- 
' ralleÞto EV by coroll. 1; conſequently if the arch 
| Kb. eee, diminiſhed, either of tie coin- 


* KM, M will be the ra- 
Gus 50 4 8 2e curvature at K. 


In the line E/ take E EL and joining Ls 


s £4, are ultimately equiangular. J 
Now K Nor FL: LC: : fr: rFgrKO, 


and LC:LE::PN:PK: : KO: KE, and 


ex quo, KN: LE e YA 4) 


CEX Fts "COX Ff = : | RE But : 


ea X FF 
CL i Fr 22 C6: , | 
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But CE: LE:: E LI or f#, therefore 


eee, KNxCE: LE UK 


LE: KM. 


Coroll. z „Heuer if U e i the Hlockes 


CEG, CDP be. vaſtly great, the curvature: at 
any point Null be, ſmall, and its ra- 
dius K M: CE :: CE: KN very nearly; be- 


cauſe the lines LE and CE will be N 


Geol. 4+ Upen the kame fuppotition the very. | 
all curvatures at any points D, K are 


nearly in the ratio of their diſtances DG, KN 
1 the baſe AB. 


For when CE and conferjurtaly AB is given; 
the curvature at &, 


dius XM. is dire diy as K N by coroll. 3 


rell 5. Fig, 53. While the greater. cirels © © 


deni bt the. Teller be: diminiiifad, and the 
curve AK DB will be changed into another 
Ax of the fame: ſpecies, and every. ordinate 


to the common baſe: will de dini bed in the bh 


lame ratio, that is; NK: Nax :: CD + C8. 
Fig. 52. For while any arch EG aol to 
Ker CNi%s given:in magnitude, let the other 
radius CD or CF be diminiſhed, and becauſe 
the triangle CF H retains its ſpecies, the line CH 
CO RICE e ratio CF | 
or CD. 81 25 
null 6; View 53. When the . Caof 
two curves are very ſmall in compariſon to their 


4 1 


CAS 4 FL 8? "282 *. - Po + 0 . a a — es 
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nen, ee . . er of 
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being reciprocally as ee 5 
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\ Coroll. 1. Pl. xxr1. Fig. 52. Drawing PL per- 
cendientarto the baſe ACL, a line K perpen- 
dicular to the curve at X, will be parallel to EL.. 
For drawing KN perpendicular to the baſe, 

let the radius CFG go forwards a little into the 
place Cf'g, and carry the line K HFI into the 
place &þ7, cutting KN in O and FL in r. Then 
fince HK EG by the definition, and alſo 


ec ec pp Eg, their difference. Oh is = CF. Now 
P by the ſimilar np CLF and. Frf, CEF 


* ecke, 


eg, OKT and MK. we have CL : CP 
2: R . and CF: CG :: FF: Gg, and ex 
L: CG or GE; : (Fr: Gg: OK: 


ms 
ere 7 :) NP: NK. Conſequently the right ang- 


Fee: F 


4 © 657 Pre 


— — —— = - = — _ 
q i 
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„ 25 "Trian gles CLE, NPK are equiangular, 
and the perpendicular K PM is FN to the 
Aline EL, 
Coroll. 2. At any po nt the aadievoE curya- 
tue KM: LE: LE quad.:: KNX CE. 
For drawing 4 parallel to FL; another line 
EM, perpendicular to the curve at 2 will de pa- 
' ralleſ'to E by coroll. 1; conſequently if the arch 
 K. be infinitely diminiſhed, either of the coin- 
| ciding er eve KM, &M will be the ra- 
cus of the curvature at K. 
In che line El take E EL and] joining Ls, 
ce triangles LEs and K ME, CBE or CETand 
L are ultimately equiangular. kb: 
Now K Nor FL: 242 : fr: PF opKO, 
and LC:LE::PN: PK:: KO: Kk, and 
OX &@quo, KN: LE 22 r: Ks Arg Sify .) 


ky * Los U 


genres cb . 
FN Ca X FF | 8 


| 1 CL. Fr ir CG: Ss. 
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But CE: LE: L: LI or f#; therefore | 
comporiends, KNxCE: TE... mer KR. 1 1 
27 _ ” - 
z. Hence if the rade üf che circles = 
GEG 6855 be. vaſtly great, the curvature. at _— 
any point & will be extremely ſmall, and its ra- 4 
dius KM:CE::CE: KN very nearly; be- : | 
cauſe the lines LE ad CB will be yeoy nearly _  . _- 

Coroll. 4. Upon the fame ſuppoſition, the very. . t 
{mall curvatures at any points D, K are verx | 
nearly in the ratio of their diftances DG RY 59 = + - £5 
from the baſe AB. © 1 
For when CE and a 42 is given, N :. 5 2 
the curvature at &, being reciprocally as . N 
dis AM, is direQly.as K N by coroll. 3˙ „„ 

Ceroll. 5. Fig, 53. While the greater 5 __ 
remains let the leſſer be diminiftied, and the 
curve AK DB will be changed into another 
AB of the fame. ſpecies, and every ordinate 
to the common baſe will be diminiſhed in the f VP 
ſame ratio, that is, NK: Nu :: CD: C. Bn 

Fig. 52: For while any arch EG equal to | | 
Ker CNis given in magnitude, let the other 
radius CD or CF be diminiſhed; and becauſe 
the triangle CFH retains its ſpeczes, the line CH 
ITE eee, ratio els OE | 
et CE i 9 115-0068 
Cu 6. Fi 53. - When che axes CD; Caof 
two curves are very ſmall in compariſon to their 
CO ee ar een er of 
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any two coincident ordinates N K. Nx, are in n the 
ratio of the ordinates: + 
For if n be the radius of c curvature at x, „ by 
coroll. 3 — have KMxKN= CE quad. = 
» xx V; whence x N : KN: XM: * A, 
that is, as the curvature at x to the curvature 
at K 
Coroll. 7. Herice, ſuppoſing the curve AK DB 
-to have the elaſticity and tenſion of a muſical 
chord, it will vibrate to and fro in curves very 
nearly of the ſame ſpecies with the given curve 
1 K DB, provided none of the vibrations be too 
Ter let the firſt effort of the tenſion reduce that 
curve into ſome other, as Au HB, in the firſt mo- 
ment of time; and ſince the ordinates DG, XN 
are in proportion as the curvatures at D and K by 
coroll. 4, and thoſe curvatures as the accelerating 
force at D and & (u), acting in the directions DC, 
K M or KN very nearly, and theſe forces as tie 
velocities generated by them in that time, and the 
velocities as the naſcent: paces Do, Ku; dlter- 
nando, we have DC: DS: : KN: K and di- 
videndb, DC: :: KN : * N. Conſequently 
by coroll. 5 the curve 4x4 B is very neatly of 
the ſame ſpecies with AK DB. And in the next 
moment it will be changed into another of the 
ſame ſpecies, and fo on, till every point of the 
chord be reduced to the baſe AB at the ſame in- 
ſtant. And by the motion here acquired it will 
be carried towards the oppoſite fide of the baſe, 
till by the 1 of the — it ſhall loſe 


all . 


(2) Coroll, prop, xx111. 
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all its motion by the ſame degrees, and in the 
fame curves, by which it was acquired; and 


thus the chord will continually vibrate in curves 
of the ſame ſpecies as the firſt, neglecting the 
ſmall difference in the directions KN, KM, and 
the refiſtance of the air. 


Coroll. 8. The ſmall 1 of a given mu- f 


ſical chord are iſochronous. 
For if the chord at the limit i its vibe 
aſſumes the form of the harmonical curve, it 
will vibrate to and fro in curves of that ff 
by coroll. 7, and its ſeveral particles, being AC- 
celerated by forces conſtantly proportional to 
their diſtances from the baſe AB (x), will de- 
| fcribe thoſe unequal diſtances in equal times, ** 
a pendulum moving in a cyclod. 
If the chord at che limit of its vibration af- 
ſumes any other form, it will cut an harmonical 
curve, wand in length to it, in one or more 
points, as A, K, L, B in Fig. 54; and the in- 
tercepted parts of the chord will be more or leſs 
incurvated towards AB than the correſponding 
parts of the curve, according as they fall with- 
. out or within them; and will accordingly be ac- 
celerated by greater or ſmaller forces than thoſe 
of the correſponding parts of the curve (). 
Therefore, ſuppoſing the chord and curve to dif- 
fer in nothing but their curvatures, the difference 
of the eurvatures of the correſponding parts will 
be continually diminiſhed * * N of 
80 eir 


6 Cor. prop. xxIII 158 cor. 6. pefin. curve. 
0 Cor. prop. xx ii. c 
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8 till the parts coincide either before, 
or when they arrive at the baſe AB. And thus 
the times of the ſeveral vibrations of the chord 
will be the fame as thoſe of the curve, and there- 
fore equal to one another. 
Ceroll. g. The Figure contained waer the han ; 
am—_ cw a. ba, of the fame ſpecies 
Ws rg Sines. 
i 2. For ſuppoſing the circle DF2.to 
grow bigger till it becomes equal to EG R, the 
prom bing will become a figure of fines, Be- 
cauſe. any ordinate KN to the abſciſd AN'or 
arch GR, being conſtantly equal to FL, will 
n eat che det u ch and 
chus every ordinate as KN is increaſed in the 
given ratio of CF to CG, or C D to CE. And 
on the contrary the ſeveral ordinates in the ſaid 
figure of ſines diminiſhed in that conſtant ratio 
of CE to CD, are the ordinates in me Ber 
AKDB of the harmonical curve. 


C3 L 20 


\ PROPSITION. XXIV: 


Th e of a muſical chord 1 

ed b a weight, are iſochronous to thoſe 
e a pendulum, whoſe length is to the 
1 1 the chord, in a compound ra- 
tio of the weight of the chord to the 
weight that firetches it, and of the 
duplicate ratio of the diameter i a 


circle 0 its circumference. 5 
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Fl. XXIII. Fig. 54. I P be the weight that 
ſuetches the chord I DB, and DSM be the 
radius of its curvature at the vertex O, the force 


th: ge any ſmall particle 2 Dy Was Tis 
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TY were ſuſpended by a be Leb burly 
cydoid RD DOF, and were ur 

ed at the higheſt points Q R by a force acting 
nwards — chat of gravity, but equal 


the fiid force 22 x Þ, which urges Dd. at the 


TT a iS MR 4 


limits D, F of its vibrations; the times of thoſe 
oſcillations and of theſe vibrations would 3 
to one another. Becauſe the forces being 


equal at all other qual diſtances 4 tu bp: 
from P and from. C, would impe 


equal parts of the equal lies 4 5 20 W 
e 7 ortho weight of the chord. 
ADB or Ac, the "WOES Fits or morgan ag 
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-- Hence if another ſtrin be gg the ſtring OP 
or DC, as. this latter weight 25 3 * is to the 


former BL,» P. ee ee 


Wh Ne article D# be? again 4 by the 
_—_ 5 n another exclod Wer e, : Li 
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"And ange Dl bees Ike a pendulum: fe) | 
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ſince "at che Bigbeſt points s of this c a he | 
particle is urged wwe |s by the 11880 force 
I 75 3 5 * of its own gravity. its oſcillations will be Y 


| Hochronous to thoſe of the former pendulum (a). . 
Becauſe we took their lengths in * ratio of the 
forces that act upon them at the higheſt points 
of the cycloids, at is, L: DC:: PDM: ? 
AB; which two ratios compounded with DC 
to A B, give L: AB:: % DM « DC or p 

\CEg (b)::,P x ABg, which was to be proy ed. 
For CEg is to A Bg in the duplicate ratio of the 
diameter to the circumference, by the definition 
of the curve; and we ſhewed eg that every 
particle of the curve vibrates in the ſame time 
with the middlemoſt. QE. D. 1,48. 


**-Coroll. 1. The time of one Crndvibriticn. for- 
wards or backwards, of the chord AB meaſured X 
| by inches and decimals, is js 85 v 55 1 0 
5 and its reciprocal is the number of auch vibra- 
Were made in one ſecenddl © 
be the length of a. pend daten that vibes 
| forwards or backwards in one ſecond, is 39. 126 
inches in the latitude of London, and the dia- 
, -meter is to the circumference of 1 as 113 


to 355 Le nearly, and the times of the vibra- E 


| tions of pendulum are in che ſubduplicate ratio = 
of oy 'ngh hs. They Putting. A * of _ 


*. > N * - ” 
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number of RR made in one ſecond,” 


- Coroll, 2. Suppoſing the laſt number to be v, 
we have the logarithm of »* == log.” 


25 $0996. 52698, which gives / 1 r 


__ 


** 


92 * 


For the logarithm of 355 = 


2, 58676. 52698. = 346-25 


Coroll. 3. If the len 
chords be. equal, the 
brations are in t 


weights, by e coroll. l. 


 Ceroll. 4. n 
equal, the times of their fin 
ciprocally in the ſubdupli 
lions, by « coroll. 1, 


Cyproll. 5... If their. RET ITY 
their weig zhts, the times of their fin 


brations are Wy: the W ratio of e 
„ 


lengths. 


vis AB d.; whence tas AB + TW 


by egroll, 1. 
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- Coroll 6. ra its of cylindrica 
in a compound ratio of jobs ſpecidc g 
lengths and ſquares of their diameters, that is, 
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PRIN Hence, if the tenfians and diame- 


£ ters of homogeneal chords be equal, the times 


of their lingle vibrations are in the ratio of ths 
Corolll. 8. If the tenſions 2 lengths 95 "Of 
mopeneal chords be equal, the times of their 


* —_— 
ters. 8 


e e e e he 
as their Feige gravities, the times of their fingle 


vibrations are in the duplicate ratio of their _ 
or of their diameters Wa 


- Schalinm.. 


I. hit we may find the number of vibrations 
made in a given time by any muſical Gs 
comparing it with the ſound of à oC 
exe by a given weight. 


For example in the experiment W 
ed (d) 1 found the length of the vibrating chord 
 AB==35.55 inches and its weight „ 31 
grains troy: And the ſound of it, when firetch- | 
ed by the weight P*= y pounds 'averdupois'== 

149000 grains troy, was two octaves below the 
ſound of the pipe d there mentioned. Hence by 
coroll. 2, we hayen == 131: 04, the number of 
. mage # in dne . . 

97 8B, 


0 bes Calles etprriments an chart, br, 1 N 
nde alla Mecanica, n che end. 
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AB, and 4 = 524-3 16, the number of ſe- 
mivibrations made by - AB, by coroll. 7, or by 


| the pipe 44 which is double the number 262 of 
its whole vibrations. ID 
Before this experiment was made the orifice 


of the pipe was cut perfectly circular, and then 


the — 1 of the eylindrical part was exactly 
21.4 inches, and its diameter 1. 9, Which I 


mention becauſe the experiment, being accurate- 


ly made, is of uſe upon other occaſions. 


2. When the thermometer is at Temperate, | 
the latitude of a pulſe of the ſound of that pipe 


is to the length of the pipe, almoſt as 2- wr, 


* prop. L. Lib. 11. an Philoſ. 
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THOUGH the theory of i 7; mporfedl 8 
Has been demonſtrated $4 clearly, I think, in the 
AFrrh Section, oe as I had conſidered ſome parts of 

it indifferent lights and ſearched a little Further in- 
fo ſome others for my own diverfion, I thoug brat 
not to print my papers in the form 
boars Haditions; 57 2 reader 2 


any further information, he may Hove recourſe © ro 
them W 0 fager. 0 | 
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A ſhin to prop. Vin. Ge, 

A illuſtration of prop. x, with a 8 con- 
frming the theory of the beats of zmper feet con- 
ſonances. 

Another demonſiration of ſcholium 5. prop. xi, (con- 
cerning the analogy between audible and viſible 
undulations) and of prop. vii. 

Another demonſtration of prop. xiii and its third 
corollary, with an illuſtration of the firſt, and a 
ſcholium or two confirming the the 70 the har- 

mony of imperfect conſonances, and ſhewing the 
— times and numbers of their vibrations, 
les and diſlocations of their pulſes, con- 

pen in the periods between their beats. | 

Schol. 4 to prop. xx, containing tables and obſer- 
vations on the numbers of beats of the concords | 


zn the principal ſyſtems. | 
i Scbol. 
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. x, ſhewing the methods * alter- 
2 * the ak of an gan pipe in order to tune it. 


Sthol. 5 10 pr 


TTY 


 Scholium 70 Prop. + viii. | 


Fig, 63 Wurd different multiples as 3 4B 
and 246 of the vibrations AB, 
ah of im perfect uniſons, are the ſingle vibrations 


AD, ac 5 an imperfect conſonance, the multi- 


pliers 3 and 2 are in the ratio of the ſingle vibra- 
tions 3 AB and 2 AB, or zab and 245 of the 
perfect conſonance, and therefore ſhould be ir- 
reducible to ſmaller numbers. The different mul- 
tiples of the vibrations of imperfect uniſons are 
therefore ſuppoſed in the propoſition to be the 
leaſt in the ſame ratio. 

Pl. xxv. Fig. 63, 64. But if different multi- 
wag of the . AB, ab, as 6 AB and 4ab, 


.. Whoſe multipliers 6 and 4 are reducible by a 


common diviſor, be the ſingle vibrations of an 
imperfect conſonance, (as they may by intermit- 
ting 6 —1 pulſes of AB and 4—1 of ab, fo as 
to leave ſingle pulſes at firſt and between every 
intermiſſion, ) the period of the imperfections of 


this conſonance will not be equal to that of the | 


imperfect uniſong AB, ab, but multiple of it by 
2, the greateſt common diviſor of the multipli- 
ers 6 and 4. 

For thoſe multiple vibrations 6 AB. and 4 ab 
are the ſame as 3x2 AB and 2«.246, or 3AC 
and zac, in which the equimultiples 2 AB and 
2 ab, or AC and ac in fig. 64, are the fingle 
vibrations * other ps e uniſons, reſulting 
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from an intermiſſion of every ſeco pulſe of AB 
and 4h in fig. 63; and the period of their im- 


perfections is equal to that of 3 ACand 2 ac, or 


A0 and ae by this vii“ propoſition, and is the 
ſame tele of the 10d of AB and ab, as 
ACis of AB, or ac of ab by the coroll. 4to cl 
propoſition, that is by 2, the greateſt common 
diviſor of the multipliers „ 


An illuſtration of Prop. 4. | 


| Ter in Fig. 23, Pl. xr, after taking away 
5 Ben each end of the cycle 
AU of — uniſons, there _ k KL, 
part of two more; and in Fig. 25, a Fe peri | 
away 3 ſhort cycles from ph. end of the 
AA, there remains d De, part of ber bd 
in Fig. 27, after taking away 4. ſhort cycles of 
imperfe& octaves from each end of the period 
Aw, there remains 11 Ln, part of 2 more; 
and laſtly in Fig. 34, Pl. x11, after taking a 
9 8 of p vi: from wor AA 
the cycle AZ of the imperfect uniſons, there re- 
mains Nr, part of another: which t 
not ſituated exactly in the middle of AZ, by rea: 
fon of the part AZ of another ſhort cycle, 
containing equimultiples of AB and ab, is com- 
paratively very near it when the number of ſhort 
cycles in the period is very large as uſual; in 
which caſe the beats will be made yay worn; 


the middle of every period. 
| OPT e 2279 %o Willy 
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| -Þ 18 wy! anita to 1 ; with Mr. 
Smeveur that the beats are made by the united 


parte | 
n . e 
and by theory (g) r | 
grow longer. and longer. 'Therefore in conſe- 
quence: of that g tleman's h the uni- 
fons ſhould alſo at the nds of che periods 
pulſes do not coincide : Becaule it is 
I 1 


Tal, il re ns eter 

Nor can it be allowed that the ord + 
| beat only at the ends e 
For —— as the numeral terms expreſſin 
the ratios of the ſingle vibrations of the ſeveral 
ſucceffive uniſons, happen to be reducible or not 
reducible or to be irrational, the cycles of the 
will ſometimes be fhortened, ſometimes 
lengthened again, ſometimes invariable and ſame-" 
times impoſſible, as ſhall be explained by and 
by; which accidents diſagree with the conſtant 
FF in was 82 


18 


P 
— ny 7 5 x - 4 8 
N W 4 3 E "2", 3.5 * a % 3 : n W = 


9 e XI. hol. - MY 4 
) See Phænomena of beats RAP before prop. x. 
Us) Cor. 5 lemma to prop. IX. 
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If it be faid that the pulſes next to the perio- 
dical points fall ſo cloſe to one another, as to 
affect the ear in the ſame manner as if they were 
quite comcident ; it may be fo, and moſt proba- 
| bly is ſo. And then it will follow that the har- 


mony of the ſhort cycles terminated by ſuch cloſe 


pulſes, will there be much the ſame as that of 
perfect uniſons; at leaſt it will certainly be better 
about the periodical points and coincident pulſes: 
than any where elſe in the periods. But the found. 
of a beat has no harmony in it; on the contrary 
it rather reſembles the common ſound of a beat 
or ſtroke upon any groſs, irregular body: And 
this ſound *ilts from pulſes of air which re- 
bounding from different parts of the body, diſpo- 
{ed to vibrate in different times, will ſtrike the ear 
one after another at irregular intervals, like the 
| pulſes in the middle between the periodical points 
of imperfect uniſons. Therefore theſe, are the 
only pulſes in each period; which can excite the 
| ſenlaton of the beats of imperfect uniſons. And 
the like argument is applicable to any her im- 
perfect conſonance by-prop..vI. - 2 3 
Pl. xxiv. Fig: 5 5. As to thoſe uncertain ler 
abovementianed of the ſimple and complex cy- 
cles of the pulſes of imperfect uniſons, while their 
interval is continually diminiſhed or increaſed; 
let one of the ſounds be fixt and the time of its 
ſingle vibration be repreſented by any given line 
V and thoſe of the Wahle ſound by the ſucceſ- 
ſive lines A, B, C, &c, all which lines may con- 
ſtitute any increaſing or a . 
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and bean nto N any large given num- 
ber, let A: Fin , BiF:: n:6,C: Wee 
r 

en ei ele bse eu 
Vand B, V and C, &c, be nV = AA. iB. 
1c, &c, provided every one of the num- 
bers a, b, c, &c, be integers and primes with 
reſpect to the aſſumed number 2. In which caſe 
the ſeveral cycles are 3 to one another ane. 
WN 

But if the terms of all or any 5 "BY ratios 
have a common diviſor, the correſponding; cycles 
will be ſhortened in proportion as the greateſt 
common diviſors are larger; and therefore their 
lengths cannot increaſe or decreaſe ſucceſſively 
in regular order while the ſucceſſive intervals of 
the uniſons continually decreaſe or increaſe,” un- 
leſs the greateſt common diviſors decreaſe or in- 


creaſe in regular order too; which can happen 5 yh 


but very rarely. . 


And when the terms of the ratios ca any of the 1 I e 


vibrations happen to be incommenſurable, a ſe- 
cond coincidence of their pulſes will be impoſſi- 
ble: becauſe no multiple of one W can be 
equal to any multiple of the other.. * 


But in all caſes whatever, the periods of the 
- pulſes: eee, and B, and C, &c, 


which are — a a, wana will decreaſe 


continuallyin rinhes fame pr proporti 


* peg 
8 
- 


| C? 8 ies 1 1 * 5 8 | : 2 * ; ' | 
60 Def. 111. ſect. vi. e 
RES 2 


tions , 46". . 4 whole FEE Ty cant ne⸗ 


ver be altered by an any common diviſors of their 
. nie 2 r en men 
Another ds ation of ſalbliam 5 » 
q Prop. xt, and of Prop. Ott. : 5 x 5 
T H E brealith of the apparent Unkdtations 
of the lights and ſhades ſeen at a diſtance 

upon two rows * parallel objects, may be alſo 
Band by the following coriſtruction. 

Pl. xx7v. Fig. $6. [2+ i plate paſſing throogh 


a diſtant eye at 2, cut the axes of the parallel 
jects at right angles in the ints a; B, c, Ne, a, 


B, 7, &c, which are ſuppoſed equidiftant in both 


the parallel lines abc, a8. From any object in 
one of theſe lines to any fucceffive objefs in the 
other, draw the lines & a, ab, ar, &c, and the 
lines zvF, xX, zyY, &c, drawn wh arallel to 
them, will intercept de equal 1 5 of the 
app on AO. Cer 
© Becauſe while the eye is grad y ditettett 
from the middle of any of the catiths V, XY, 
wil towards either of its extremities, tlie objects 
cloſer together in co in propor- 
E beer ſmaller — ang: — nol 
tremity, which was ſhewyn in this {cholium to be 
the cauſe of the undulations. _ 

For the lines d, ee, FT, gn, &, being parallet 
to u, are parallel to Vo 5 oonſtruction; and 
the lines i d, K, Ix, mA, &c, being . 

* 
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bi are parallel to Xx and ſo on. Let lies | 
Wo nts ne 4, % & Ge 
of one row, cut the line of the other in D, E, 


F, &c. Then becauſe the rows are parallel, dme 


ratio of Da to #2, Ee to e N to Cx, &c, is 
the fame as V to vs, of N to , & e 75 
Wbence allo, beeaule of — derbe 
e we have 


Dad: d V:: A 
„ i 
1 HA 4 7 | 
„ 152 14 

Fi #7 Ho:0s >: 


ils 2.65 
: 


mT n 
| *: Xa li 5 


AN 


48 
22 K: 
UE 2 
Uni nx: 


5 


| That 8, all Whole al Aer 


8 Stel, the Jefſer apparent intervals Da, Ee, 
Gg, are proportiofral to their diſtanee d, 4 
5 _—_— 
VX; and alfo Hi, Th, Kl Ein, proportional to 
IX, EX, 1X, M, theit diſtances fror the next 


auge X of the fame breadth }/X, And the 


breadths VX, XY, &c, are '6qual, becauſe-26, 
Be, &ec are ſo, and the triangles VX and aud, 
QED. Bac, &c, are finillier by conf 

' Corll, 1. The projetditns-DE, B bee, of the 
 _ peat ts.” Tr „ 


uin 
of 2 VI. Euclid. 
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in the conſtant ratio of Dx to J, or Ez to 22, 
or Vꝝ to vx, and conſequently are equal to one 
another. Therefore ſuppoſing the lines DE and 
Ye or de to repreſent the times of the ſingle vi- 
brations of imperfect uniſons, the periods of the 
neareſt approaches of their pulſes D; E, &c. d, e, 
&c, are VA, XY, &c; And in going from their 
extremities V, & to the middle, the alternate leſ- 
ſer intervals between the ſucceſſive pulſes, are 
proportional to their diſtances from the next ex- 
tremity, as we ſhewed juſt now: Which is ano- 
ther proof of prop. vir. 
Ceoroll. 2. If the eye be moved in a line . 
lel to the rows, the breadths of the apparent un- 
dulations will be conſtantly the ſame, and if it 
be moved uniformly 1 in any other right line, their 
breadths will vary nden, and be conſtantly 
proportional to the diſtance of the eye from the 
rows. Becauſe the triangles V 2. X, 2 SL, &c, are 
conſtantly ſimilar to a«b, aac, &c. And: this 
concluſion. ſeems to agree with what I have tran- : 
Hently obſerved of theſe undulations. | 
But it is eaſy to collect from the conſtruction 
of the figure, and the different ratios of 2 J to 
| 2v expreſſed by numbers, that the intervals be- 
tween the apparent conjunctions of the objects 
Vill increaſe and decreaſe. very irregularly; 2 
that no conjunCtions, can happen except when 
the eye arrives at certain points of its courſe, and 
none at all, mathematically ſpeaking, when its 
diſtances from the two rows, meaſured upon any 
right line, * to be incommendurable, 
- Which 
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Which concluſions being contrary to 0 | 


nual appearance of the — + 6h to- the eye 


in all places, and to the regular increaſe or de- 


creaſe of their breadth, ſhew, that their breadth 


is not equal to the interval between the apparent 

conjunctions, no more than the interval between 
the beats of imperfect uniſons is equal to the in- 

0 terval between their ealncident — oppor . 


> 
8 j 
. 4 Ss 


na. 


In any het Ae the fuccſſ kink of an 


imper fect conſonance, any given number 0 


cycles next to one fide of the leaſt diſlocation of the 


| Pulſes, is more harmonious, and the ſame number 
of them next to the other fide is leſs harmonious 
- this the ſame number of them next to either. fide 


the. coincident pulſes : and theſe degrees of 
Harmony differ more in thoſe 1 where. the 
| two leaſt diſlocations differ leſs, and moſt of all in- 


tbe periods. where OF. 2 e are e 
2 You Lali. Wo 


1 


Pl. xxv. Figs 59. Let AB 1 ah 3 


the times of the ſingle vibrations of imperfect 


uniſons, A and à their coincident pulſes, B, C, 
D, &c, 6, c, d, &c, their ſucceſſive pulſes on each 


fide of 4, a; Rr their leaſt diſlocation in any 
given period, and conſequently the neareſt to 


the periodical point 2, which is Mio placed un- 


der 4 for the convenience of worn 3 at one "IM 


9 


— A 
Fg 
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2 the ſhort opcles noxt to both ges of Rr 

and Au. 
= 72} „ the ſhort cycles'R, 87. &e, 
: IL Gy. , are more Name üs and 

2 L bee, 1 Berendt ale 23; BC, 
Sc, the numbers of them being the ſame: and 
that tlie degrees of their harmony differ more in 
the periods-where the two leaſt diſlocations Ry, 
$5 differ leſs, IG 2A ME eee 


| when poſſible G 
| 22 see e Wa 9. 


© Hinoe the ſrccefive diflcations 48, a7; Ke, 
are eſpectvely finaller than ö. 0, Ke, by Rr, 
a8 4 alſo by their ſmaller diſtances from 

2657 But on the other fide of Ry, che — 
Hows ; Pp, bc, are reſpcawely an 

Þ, oO bee by dhe me , for the ike reaſons. 
2 
more harmonious than 4B next ta A. For 
though the diſlocations Rr 58 are B, yet 
thoſe parts of 4B, as being ſmaller than 3 B, will 

give lefs offence to the cat than the whole: che 

whole may be perceived and give fome offence 
even when. one or both its parts are imperce * 
ble. Snd-ioe ap fartanralors —„- 
| will be lms hanneious thn nie her 


4 See prop. VII. ano oy 5 
See prop. VII, coroll. 1. 
{m) Prop. vil, 
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periods where Rr, 28 are leſs unequal, and the 
moſt harmonious where they are equal ven 
1 e e ee where the 


8 eee ee 
A 
| ely ſmaller than G B, C. Therefore the 
— RS, S T. taken together, are more 
harmonious than f B, BC 'taken together 3 and 
ll more harmonious in ather periods where 20, 
#T are ſmaller, till 48 be equal to . 
; | But <ouuba.ctber lo of Be aid fey the int 
1 cycle RY is leſs harmonious than AB, the dif- 
locations Ag. Rr being larger chan BG and o. 
The next ſhort cycle Q is alſo leſs harmonious 
than BG; the diſlocations Pp, Sy reſpec- 
_ tively larger than Ce, Bb. Ther 
together ———— BC to- 
gether; and ſtill leſs harmonious in other periods 
Where Rr, 2. Pp are larger, tal Kr be equal 
a herd rim troughs (5 pare 
numbers rt cycles throughout Period 
hey ot — rc "a 
con ; any imperſect uniſons chang- 
ed into imperiett octaves whoſe ſingle vibrations 
are A and Ab, or Ac and AB, hy canceiving 
0 . ofthe HE ORE 3 
a, 6; e &, to be intermitted,” 1 > 
m_ one of the uniſons an octave lower. 


hate plls A f . ar 6 the, the ſhine 
cycles 


0 Prop. VII. coroll. 2. 
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. eqckaofohe: octaves, nelt to ene fe dr N 
will be R 7, T, &c, and on the other, RP, 
PN &: I ay the former as including 2 are 
more, and the latter leſs harmonious than AC, 
CE, &c, the numbers of them being equal. 
For we had Rr Tt T c C, conſequently 
this: ſhort cycle R T is more harmonious than 
40, for the fame reaſon as in uniſons, and be- 
cauſe the intermediate | diſlocations $$, h are 
zaniſhed, one of their conſtituent pulſes in each 
being taken away. And RT is ſtill more harmo- 
nious than AC in other periods where'Rr and (7 
are leſs unequal. V5 | 
© - The next ſhort cycle TWis alſo more on 
monious than CE, the diſlocations ? T, wH be- 
ing reſpeCtively ſmaller than cC, E, as in uni- 
ſons; and is ſtill more harmonious in other pe- 
rioda Where r T. 20 are ſmaller, that is where £ 
tT and Rr are leſs unequal. 
But on the other ſide of Rr ind Us ts thine 
cycle RP is leſs harmonious than AC, and PN 
than CE; the diſlocations Rr, Pp being reſpec- 
tively bigger than o and Cc; and Pp; Nu bigger 
than Ce, Ee, reſpecti tively: and is till leſs harmo- | 
nious in other —— Rr, Pp, Nn are” 
larger, that is w — are leſs unequal. 
HI hereſore the ſhort cycles R, Y, & * 
mee PN &care leſs harmonious han 
" Likewiſe if that aligriate iner mitem ſhould : 
tiles y. the pulſes R, T, V, &c, or r, t, u, &; 
then the eaſt — Is $ 8, 2 * ſhort 


* | 
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cycles $2; D, Xe, as s including 2, will be 
more, and SU, UX, 5 leſs harmonious than 
f AG, CE, &c, for the very ſame reaſons as before. 
 Thirdy, any uniſons will be changed 
8 into imperfect vin, whoſe vibrations are Ac and 
A, (or AC and Ad) chat is 246 and 3 AB. 
by intermitting 2—4 pulſes of the ſeries a; b, 
c, d, &c, which depreſſes the acuter uniſon an 
VIII lower, and 3—1- pulſes of the ſeries 4; B. 
, D, &c. leaving Tale ones between, which 
depreſſes the graver uniſon a x11*. or vi + v 
lower; and . the interval of the new ſounds 
is an imperfect v, as r eſented in the Bere 
E _— 
No in the period where thoſe 3 7 
: leave the pulles 7, 45 un , &6, R, U, J, &c, (as. 
in the 4" parallel) the intermediate ones will be 
taken away, and then Rr being the leſſer of the 
two diſlocations: in the ſhort — RY. which 
includes 2, is the leaſt of all in this period. And 
the ſhort cycles RY, &c, on this fide, of Rr, 
x harm onious than AG; &cc (in the 
firſt parallel); and on the other: ſide, the ſhort- 
5 og RL, &c, will be leſs harmonious than 
46, &c : For the ſame reaſons as above. 
| ' Likewiſe in th pericd where the pulls , 5. 
* u; x, Ste, L T. X & are left (in the 30 
lel), the intermediate ones will be abſent, od. 
1 then De is the leaſt diſlocation in this period, and 
greater difference than before will * 
* — 
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2g und Haz the difference N- N be 
than Ly Nin the former caſe. | "IN 
y in the period where ee i, 
Þ; S ce, are leſt Gin the Weck parte) | 
the intermediate ones are intertnitted, and thin 
Pp is the leaſt diſlocation in this period, and "a 
effference ſtil} greater will be found i de Har- 
mony of the ſhort eycles en eaclx fide of PG 
and Za, for che like reaſon.” And che greateſt 
chfference Will be — theſe diflocations 
are equal when whe, tis; hen 4 
bd deed oor ty probe 1 
nance, which confifts of any odd number of 
thoſe of the uniſons; and alſo when either 'of 
the coincident pulſes at the ends of the complex 
or firmple cycles of the uniſons, biſects a ſhort 
eycle of any conſonance confilting of any even 
number of thoſe of the tniſons as in Fig. 35. 
Plate 12. . 5100 ry 


| * dea "4 bifes 
oident pulſes, are 480 equ 


theſe periods having a mean A et harmony 
, e of munen e e 


APPRNDIY, =” 


_ (s), n be uſed as ax f they were _ and 


how TK 2 cots, TRENT 4 
„ 


hong, i it in been a paragruph 


in the demonſtration af prop. XIII, ee 
_ be proved ſamewhat er ee we Ava) 


1 Anl. demonſtration of Prop. ein, 
n . third corollary, .. 


F 


Fl. xxv. 55 fs. 61, ee e 


ſent the times of the ſingle vibrations of. imper- _ 


Sg uniſons 1. 48 and, FRAME of ate 
fect uniſons; 24nd Oc and 4 their incer 
pulſes; and if ab == op,.th period of the pulles 


latter, ee e to P. ( 
1. Taking bB top as 1 to 2, this i is now 


« ratio . of tha 


vniſons op and OP, ah and AB; and the latter 


is of the fame length as the p iod of che leaſt 
imperfections of octaves, . : fingle vibra- | 


tions are ab and AC or 2 AB, by intermitting 
2—1 r by 


VIII. 2 


eee e 


„ n 


the uniſons 2þ, O P, is ap == ab, and that of the 


*7 *# \ 
I Ai 


e e 


WO Prop. x1. ſchol. 4. art. 5. laſt parage- 
0 Cor. 8. lem. to prop. IX and * xx. hel. 1. 
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and the ratio of their lengths is 1 to 2, which 
being the ſame as that of the periods of the uni- 
ſons and octaves, ſhews that their ſhort 
are equally numerous in hein e „ Ae 
The longer length of the ſhort” cycle of. * 
octaves is AC or 2 AB, and the difference of the 
lengths is 2 AB—=24a6= 2bB\=cC'the dif- 
location of the pulſes at the end of the firſtſhort 
e, and is equal to P, becauſe we took B 
P:: I: 2; therefore the ſeveral diſlocations 
, &c, 42, Ce, at the ends of the ſubſequent 
ſhon cycles of the octaves and uniſons, are equal 
feſpectively throughout their half periods, which 
are therefore equally harmonious: 
Becauſe thoſe diſlocations are the chukes chat 
| 10 the Harmony, more or leſs according as they 
are greater or 2 7 and cauſes conſtantly. 
equal muſt have equal effects: And becauſe the 
harmony of theſe half periods is the medium 
among che degrees of harmony of all che reſt, 
by the coroll. to the lemma. ©, 
2, Fig, 60, 62. Again, raking #B 6 5 © 
1 to z , this is ie 780 of the periods of the 
ripe uniſons op and OP; ab and AB; and 
the latter period is equal to that of imperfect | 
X11” whoſe vibrations will be 25 and 4 D or 
3 AB by intermitting 3—1 pulſes of the feries 
A, B, C, D, &c, 1 ſingle pulſes be- 
tween every intermiſſion ( And fince'Pp = 
(35B =) 4D, it appears t Mi ſeveral ſubſe- 
quent diſlocations * hy &c, of the . 
ons 


5% x * # n [1 ay 72 * 4 
bes 
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Uns and x19 are equally er dus and equal 
reſpectively throdghonl the half periods on each 
ſide of 00 and af; which render the conſo- 
nances as equally harmo nous as they r e 
can be, for the reaſons above mentioned. 
was © Fig. 60, 63. Laſtly, taking B to 5 as 
1 to 2 x 3, this is now the ratio of the lengths 
of the periods of the diſlocations of the 
fect eiern op and OP, ab and AB, for the 
reaſon above. And the latter period is of the 
ſame length as that of imperfect vu, whoſe 
fingle vibrations 2 46 and 3 AB reſult from i in- 
termitting 2 —1 pulſes of the ſeries a, G, c, d e, 
g, &c, and 3—1 pulſes of the ſeries A, B, C, 
D, E, F, G, &c, ſo as to leave ſingle pulſes at che 
beginning, and between m n een b 
Prop. r c 
Nove b ſhorter length be the ſhort pals of 
the uniſons op, OP is op = ab, and that 6 of the 
ſhort cycle of the imperfect v®* is 2 x 345 (be= + 
cauſe 2b: zab:: 2: 3) and the ratio of theſe 
lengths is 1 to 2 * 3, the ſame as that of the pe- 
riods of the imperfect uniſons 9p, OP and the 
v, Whoſe ſhort cycles op and ure therefore 
equally numerous in them. 
Ihe longer length of the Unperſeck ſhore Sls 
of the ven 182% 3 AB (becauſe 2 AB: 34B:: 
2: 3) and the difference of the longer and ſhorter 
lengths is 2 x 4 AB—2 x 3ab=2 x3 x AB—Ab © 
==2x 3b B==gG, the diſlocation ofthe pulſes at 
We end of that ſhort N and is equal to PPP, 
R 3 | becauſe 


; F x 6 3 
3 = : 4 
* 9 N 
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becauſe we took B: P:: 1: 253. Therefore 
the ſeveral diſlocations V, 8. af &c at the 
ends of all the ſubſequent ſhort cycles wy the ys 
and uniſons, are reſpectively equal in magnitude 
and number too, throughout the half periods on 
each fide of the coincident pulſes a 4, oO; which 
e qualities make theſe conſonances as equally har- 
 monious as they poſſibly can be. for the . 
above. 1 *, 
4. "Infhead of the-terms 2:amd 3 W be ratio : 
of the vibrations of perfect vb, if we — — 
thoſe of any other perfect conſonance, or m and 
7 8 of them, the method of de- 
monſtration will be nn che ſame as in the 
laſt example. 3 
Now thoſe imperſed cones of DE" 
x1, vt, &c are not only equally hatmoniins 
with the ſame imperfect uniſons ap, OP, but alſo 
with one another; the diſlocations PP, C, 4D, 
g G, at the ends of their firſt and een | 
ſhort cycles, being equal and equally numerous 
in their periods. And fince any one of them is 
equally harmonious to another of the ſame name 
at any other pitch, when their ſhort cyeles are 
equally numerous in their periods (7), it appears 
that all forts. of imperfect conſonances are as 
— harmonious as poſſible, when their ſhort 
cles are equally numerous in the e of 
eir imperfections. Q. E. D. 
The equal harmony of flat conſonanees] is de. 
monſtrab ble in the fame manner. 5 | 
ls," 


"6 C XII, 


Cual. 1 mſonance 

| equally harmonious, their amends have 

very nearly the inverſe ratio of the products of 

the terms ex the ratios of the fingle Vis 

£1 This i is the third corollary to eee 
may be demonſtrated in this other manner. 

The interval of the ſounds of i im 
ſons is the temperament of the interval of any 
conſonance whoſe. ſingle. vibrations are different 

multiples of the vibrations of thoſe uniſons (s). 
Now in all the exam ples of tempered con- 
ſonances we made the vibration 4 conſtant 
and AB variable. Conſequently the fveral in- 
teryals of theſe imperfect uniſons, or the logas g 
rithms of the ratios of ab to AB were very 
nearly proportional to the differences 6 B (t), 
r in W vun were made equal to 


= P and = pP reſpectively. Therefore 
when theſe conſonances are equally harmonious, 
NE AE e 5 0 255 5 
yery nearly. EUs $56 


e ene 
nious to another of the ſame name at a. diffe- 


— 


rent pitch, their temperaments are equal (2), 
and the terms of ab v6. =h of HE e =: 


l 28 Li > {5 7 25 1 a w | of 
Props VIII. cor. . ieee 


1 Wl Cor. 1. lem. to prop. 
** Prop. X11. Ro 
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the deu ede. of that name are the 
ſame. - 811 Ns . 
Conſequ endy the dire aus of the tempers- 
ments and the inverſe. ratio of the 


thoſe terms, are very nearly the e in a | 
1 harmonious ora r tf vi 


An 10 uftration of corall. T. . Prop. a. 


Pl xxIV. Fig. 57. Let the W of che equi- 
diſtant points 5 I, II, III, &c be the longer or the 
ſhorter lengths of the imperfect ſhort cycles of 
any given conſonance; whoſe half period is A Þ: 
A and aà its coincident pulſes ; ab the leſfer of che 
vibrations of the imperfect uniſons whoſe half 
period is allo AP. Make the perpendicular 


P. ab, and draw A L cutting the perpen- ; 


dicilars ac L II, III, &c, in D, D, D, &c. Then 
are theſe perpendiculars equal to the diſlocations 
of the pulſes between the ſucceſſive ſhort cycles 
of the imperfect conſonance, by Prop. vi and 
VIII. 

Fig. 58, Make the like oonſtruction Jencted 
by the greek letters for any other imperfect con- 
ſonance of the ſame or a different name. And 
if it be equally harmonious to the former, its 
half period a7 will contain the ſame number of 
ſhort cycles as AP does (x) ; ſuppoſe 6 in each. 
By leſſening its temperament, let its half period 
be lengthened to ap, where Og the perpen- 

dicular 
(*) Prop. x11, x11. 


3 TX join 49 8 cutting; all e 
mediate perpendiculars in ce. Then the ſeve- | 
ral new diſlocations 1 e, 2e, ze, & will be ſmal- 
ler than 14, 20, 34 & re ſpectively. Therefore 


the ſhort cycles « 62,” contained in a part of the 
new half period «p, are not only more harmo- 
nious than the ſhort cycles 6 J, contained in 
the old half period: «7x, or than AVID, but 
thoſe in the remaining part 68e continue the 
harmony in the new half period ap, after that 
of the od half period i is quite camera by 
| the beat at the end of it. | 
- Coroll. Since only the conetonding ſhort cy- 
So of imperfect Lr can admit of a juſt 
compariſon, one by one, in the order of their 
ſucceſſion, beginning from the coincident pulſes, 
or from their leaſt diſlocations next to the perio- 
dical points, (as explained in the demonſtration 
of the lemma,) if the periods of two conſo- 
nances contain unequal numbers of their ſniort 
_ cycles, the compariſon will be imperfect; which 
is another argument 4 priori ears; truth 11 5 
XII * 18 Kerr mY 
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— 
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| — ay pb. eee (9 aha We . 
conte but one vibration of tlie baſe, as in 
Fig. 61, 62, and the equal times between the 
pulſes of the treble ab never ſubdivided by any 
tw baſe, except at the ends of the 


eee | "Ow 
(9) sea. III. art. 8. LENT ney 
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r ee eee, 
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ones in other pure conſonances, eit 


2 emen een ee 
„E emma Hae the equal 
times between the pulſes of the treble are ſub- 
divided by the pulſes of the baſe, not only at 
the ends of the ſhort cycles, but between them, 
as at D, K, &c, Fig, 63; where the conſidera» 
tion of the inequalities of the intervals e D and 
De, i K and Kl, &c, ſeems to have been neglect- 
ſans FONTAINE ANI 

it. | 
Fig. 63. For ſuppoſi the- alternate pls 
1 or Eew be i 8 or taken away, thoſe 
vy** will be changed into xii an octave lower 
than the xi in Fig. 62 ; but will not be equal 
ly harmonious with them, as the vt ere ſup- 

xd to be before that intermiſſion, till the dif 
locatic dns, FG, nN, __ in _ 63 be doubled; 
that the ts of both the xn" may be 

equal and their periods: Ranma 


While the diſlocations g G, N 1 x remain 


brations and ſhort cycles Nef 


doubled, reſtore the pulſes D, K, &c, to 1 


and now the ir e: f 2d} ATC mequ 


DeenDeiKiriXldn ate als 47 — 


their former magnitudes and the new vis are leſs 


dme een din Fig. — nnd wall 


33 hd 


.{x) Prop, XII. 1 n £22 42 } 


Aifdacation; 2G, N 
inequalities De — De, 
| ted to their former — 

Therefore theſe. interrupted Ft ap + 57 are 
not conſidered as pure ones in the x11 and x111% 

Ie but allowance is made on courſe 


Fn: Gas n mediate e 


Pl. xxv. 10 gu 8 "Al 
be reſtored to the places of e abſent pulſes of 
the imperfect uniſons, that fall next to D and K, 
I call the lines or times dD, & K the Aberrations 
of the interior pulſes D, & from the places d, k 
which they have in the perfect ſhort cycles. 
Likewiſe in the upper part of the ſame figure, if 

AE and ad be the ſingle vibrations of an imper- 
fect 4%, then Ee is an aberration of one of the 
interior pulſes of the baſe.in the firſt ſhort cycle. 1 
No if the ratio of the times of the ſingle 

vibrations of any perfect conſonance be #z to n 
in the leaſt integers, and when it is tempered, if 


2 D be the ſum of the exterior diſlocations in | 


any given ſhort cycle, the aberration or ſum of 
the aberrations of n pulſes of the baſe, 


from the places they ha een, 
Mow hs will be 11 D. 


The b EL 8 
by dr — ſhort * NOT a4 , hy 


N t | * 
„ * K M 9 . # | ES + © . = i 
: LES * » 


* 
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— F E f * r 
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&cc, and by obſerving, - that as 7: is the ane 
of the vibrations of the baſe contained in any 
ſhort cycle, ſo »—1 is the number of its pulſes 
excluſive of the extreams, and that the ſum of 
the exterior diflocations is equal to the ſum of 

two interior aberrations equidiſtant from 
them, or to double the aberration in the middle; 
as is plain from the arithmetical progreſſion of 
| the alternate leſſer intervals of the imperfect 
uniſons, from which the given conſonance is de- 
nved. 
28 Therefore j in two equally FEOMMECE NY conſo- 
nances, as the ſum of the exterior diſlocations in 
any ſhort cycle of the one, is to the fum of them 
in the correſponding ſhort cycle of the other, 1 in 

a certain conſtant ratio (2), ſo the interior aber- 
ration or the ſum of the interior aberrations in 
che former ſhort cycle, is to the ſum of them in 
the latter in another conſtant ratio; and c 
nendo, the totals of the exterior diſlocations ad 
interior ee are ao" in anne conſtant 
ratio. of RA LUFP *-© 144 
But the bier N 250 cd of thi 170 | 
aan muſt be adjuſted by the firſt given 
ratio alone, without any regard to the ſooner of 
third.” wy an 
9. Berau dis exterior Aflotations are of 1 | 
different kind from the interior aberrations: For 
as in ſeeing ſo in hearing, it is more difficult for the. 
ſenſe to perceive the quantity of a ſmall i inequa- 
ny! in * larger ſucceſſiye interval of the p its 


* N rg Pet 
4 2 e. 7201, ze 42 nr 
* — 


s 060 5 the foregoing illuſtration. 
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or pulſes c, D, e, Fig 63. than to 3 the 


ume or a different ſmall quantity 
ed by two viſible points or — pulſes' g, G. 
And the difficulty is e in more D 


ſhort cycles of imperfect. ie, JVI. * ö 


where the ſucceſſive intervals between the points 

analogus to c, D, e, do not err from the fimpleſt 

E urifinleachacyaeb dog ces 
of 1 to 2, I to 3; &c; as will eaſily appear from 
the diſpoſition of the pulſes in ſach cycles in 
Fig. 5, Plate 1. For which reaſon che ratio of the 
ſam. of the interior-aberrations ought not to be 
compared and c 3 with — 


| terior diſlocations. — 8 


2. Becauſe i it appears From the he abr to the | 


fo oregoing Illuſtration, that no other regard can 
be had to the interior aberrations, than what fol- 
lows on courſe from the given. ratio of the exte- 
rior diſlocations, determined by the equality of 
their numbers in the periods of the two « conſo-; 
2 as in FROM XI TO . "FRY 
Seholium 3 3. 3 NE <E 


To © bs ſed more ER OO TY? of 


ne #5, 5 . 


che numbers of vibrations, ſhort cycles and diſ- 


locations contained in the long e and periods 


of imperfect conſonances, and of their abſolute 


duration in practical muſic, I will add a com- 
putation of them in a _Fonkonance 9 vw tem- 


bound 
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pered byZe comma, N reg or le 
| in organs and þ uarph 5 a 
. Fig.3 34. D ge n 

the er the ſounds of theſe vibrations is 
- comma nearly (g): Whence 321 AB,=3229þ 
= AZ; is the length of the ſimple cycle of he 


diſlocations of the pulſes of the vibrations AB, 


ab, or of the period of the imperfections of any 


ane whoſe vibrations are different thr 4 
tiples of AB and 26 (c) and whoſe tempera- 
ment is che interval of the founds of AB and 


ab (d). 

Now the vibrations Wy imperfect va are 4D 
and ac, or 3 AB and 246, and the two conſtant 
lengths of their imperfect ſhort cycles are AG=_ 
2 D=2x3 AB and ag=3ac=3x 2ab. . 


Hence 42 = 321 AB . x GI, + 85 
10% AD=EZ x « 6AB=533.46; 1 
Likewiſe AZ = z2nab = == 2 x 1 
161 ac=" 22x bab = 532 75 ee 
e their 
fiſt diflocation is gG == AD eee 
0. n eee 


T6 rop. VIII. | 
t Prop. VIII. COT, 1. 
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For AB; AB — 4h, of bB:: 213223 1 


"le — $42 AB 
 Whence Bb = "HY and g= 60 Sy 


I . 1 
2 : \ he 
Ys „ b wy 4 * : v 
* IE 8 , FIR ee 8 
" 82 7 % 3 >» ” AY. \ : — * 4 ” 
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Noe 5 that the particles of air in an or- 
gan pipe called 4 or Lale, in the middle of 
the ſcale of the open diapaton, made 262 com- 
plete vibrations or returns to the places they went 
from, and conſequently propagated gyro 
air to the ear ) in one ſecond of time; thou 
the pitch of the organ 
lower than the preſent pitch at the Opera. And 
taking that ſound for the baſe of our v, whoſe 
vibration AID veprefents a certain 


time, we have 262 AD='3 ſecond and hence | 
the abſolute times AZ, 3 


following fractions of 1” ge II ©. 
For, 262 AD: AZ or e 123 107 7. 


and 262 4 D: : AG or eb vice - 
and 262.4 P. Gg or 56; AD; 1 „ 


* 1 5 
** = I. 


100 5 
g N 4 J 
CY 
* - 


(e) Sect. 1. art. 12. 


was above: half a tone 
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1 107 8 . 
and 2624. e I”: IG 


2 6 ah Sf * 3. _— Y 


x 1" == x 1”, 


And thereciprocal or the periodical ine 4Z, = 
x1", is the number of pericds and alſo of 


* (7) namely 85 = 2.4 45 nearly in 


of 245 in 100 nearly. 7 


And the leaſt diſlocations in the Gant cycles, 
as AN K, which include the ſucceſſive periodi- 


.cal points £ 2. are 5 5 zoft the dillocationGy next | 


to the coincident — IG? 
And ee eee eee 
vll in the ſcale of that organ, in the given ratio 
of the times of the ſingle vibrations of their ba- 
ſes. And the like meaſures in any other given 
conſonance, whoſe:temperament is given, may 
be computed in the like manner, or derived 
from theſe by the corollaries to prop. ix. 
In this example the vu were tempered = 

and when they are equally 5 flat, b 

ing Ad and AC for the ſing ns. the 
computation od hon n will bes but pans 


little different. 10% (ans 20% 
q \ WA * * g % "0 
. We rop. x. 8 * 430 52 8 * „ : PA 34 , 
; 7 * 
S 4% % ³ l * 
— 
ry 4 


3 4 4 . vp. . 
a . 8 NN I q 8 
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Tabs .and 3 on bes OE : 32, beats of "ih 


the concords in the principal ſyſtems. 


The following table ſhews the number of 
beats made in 1 5 ſeconds, by the ſeveral con- 
cords to the baſe note D, or D-ſol-re, at the 
Roman Pitch, and likewiſe che proportions. of 
the beats of the ſame. concords to any: other 


| baſe note; with this deſign, that perſons want= 


ing leiſure or proper qualifications. for, examin- 
ing the principles and concluſions requilite to 
determine the ſyſtem of equal harmony, may 
yet form ſome judgment of its advantages and 
diſadvantages, when compared with the ſy- 


ſtem of mean tones and that of Mr. Huygens; | 


upon this allowed principle, that, ceteris pari- 
bus, concords to the ſame baſe are more or leſs 
| diſagreeable in their kind for beating faſter or 
- ſlower reſpe&tively. © 
To aſſiſt the reader's judgment I have added 
the following obſervations 1 g from ing pec- 
tion of the falt table. 
: 1 The beats in column 1 differ les from 


| 9 to the Name of the ſyſtem. 
2. The beats of the v, v+ vi, y + 2VIII 
* I, are a little quicker than thoſe in col. 2, 


in ſhe ratio of 10 to 9, and quicker than thoſe 
in Fol 3 in a ratio n greater. But che 
1 8 | - beats 


3 : - 
3 # * C MAS; e rr 


r eee . — e eee gh 


one another than thoſe in column 2 and 3 do, 


24 APPENDIX. 


= beats of the vi, vi+v1in, VI + 2VIL in col. 1 

= are much flower thin thoſe in col. 2 and 3, in 
| tte ratio of 2 to 3 and more. | 
= 3. Theſe quick beats of the vi in col. 2 
if big and 3 have the . to be doubled in 
Nn 
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1 
J + 2V111. i ; 
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un + vIII. = 
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every Giperiorofhave, whereas the quick beats 
of the v® in col. 1. remain the ſame in the ſe- 


cond octave and are only double in the third &c. 
4. The beats of the 112% and compounds are 
quicker indeed in col. * than thoſe in col. 2 and 
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TY _ 3 the beats of the other 
concords in all the ſyſtems, they can ſcarce be ſo 
offenſive as theſe will be. kg wh „ 
1 Likewiſe the beats of the 6d and com- 
pounds in col. 1, being ſlower than thoſe of the 
SS i | * 55 4th 


E a 240 360 4994 | 
v +2viir| | 40 360 34 | 
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IVI VIII 120 180 1997 
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4 _ za and compounds with the ſame-num- 
ber of vII T. in all the ſyſtems, can hardly of- 


fend-the ear ſo much as the quicker beats af. 


thele othericancatds wall: 

6. een the beats of all the conoords 
Tout CHIRP ot ot £10 
oc A e ee 
2 7822 of all the ener. 
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40 dhe note Duſcl-re in both the Ol. 1, 2, 3, Are 


reſpectively 75 9, yon, Bog; whoſe proportions 


with mſpect to the ſame ur any other baſe note 


are 38, 35 40 very nearly. The fmall exceſs 


of the firft ſum above the ſecond ariſes chiefly 


from the beats of the 111! and 6* with their 


compounds, which in all probability are inoffen- 


five, as we ſaid before. 


But a completet rule for comparing che har. 
mony of inperfect concords to à given baſe, 
. N in the ſecond table; That contord to 
ch a ſmaller number correſponds, being more 
Ban, in iti Rind, then uny other to which 


a larger nber correſponds ; which affords two 


or three motevbſcrvations. 
An eol. 1 and 3, the —— 
harmonious by the addition of WII s. 
8. In all the ſyſtems, the v + vIII is more 
harmonious than the y and va II. | 
In col. 1, the v is more harmoniousthan 
the 1136 and vith, the vr v111 than the II VIII 
and vr vil, and likewiſe the 40 and com- 
pounds than the G and 34 and Compoupgnwith 
equal numbers of vir. 

10. It may be objected to the ſyſtem of equal 
harmony that che beats of the vii» are not only a 
little — but ſomething ſtronger and di- 
ſtincter than thoſe of the other ae ; which 
deſerves- to be-contidered. -On-the-other-hand it 


ſbould be confidered too, whether thoſe very 
| * and Als diſtin beats of the vis and com- 


3 


1 Fang 1 ee nd VNR and gad 
 vantages that occur in comparing thels ſyſtems. 


For as to the ' falſe concords being ſomething ' 
worſe in the ſyſtem af equal harmany than in 
the other two (g), this is no objection to the fy 
ſtern, but only to the application of it to defec- 


3 5 tive nnen: and 1 have wr motels erg 


pt ee of the = 
ſtems in prop. XVI and ſcholium, by the corol- 
laries to prop. xi; and that the i in that 


table multiplied by the numerators of the known 


fractions, 8 to the characters of the cor- 


reſponding concords, produce the correſponding 


numbers in the ſecond 1 3 to co- 
RE Fall. 12, prof XIII. „ 


 Scholium. 5 #0; pr 


The ſound of an open is ive will be 


8 flattened or ſharpened a little by bending a ſmall 

part of the metal at the open end, a lle in- 
wards or outwards, reſpectively 

The found of a ſtopt pipe, 3 of al 


will be flattened or ſharpened a little by bend- 
ing the ears, at the ſides of the mouth, A little 
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